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SYMMETRIC NORM IDEALS AND RELATIVE CONJUGATE IDEALS
BY
NORBERTO SALINAS(1)

ABSTRACT. In this paper some aspects of the algebraic structure of the ring
of all bounded linear operators on an infinite dimensional separable complex
Hilbert space are discussed. In particular, a comparison criterion for maximal
and minimal norm ideals is established. Also, a general notion of the conjugate
of an ideal relative to another ideal is studied and some questions concerning
joins and intersections of ideals are solved.

1. Introduction. Throughout this paper £ will denote the ring of all (bounded
linear) operators on a fixed separable infinite dimensional complex Hilbert space.
The term ideal of £ will mean a two sided ideal of the ring £. The maximal
ideal of £, i.e. the set of all compact operators, will be denoted by C, and F
will denote the set of all finite rank operators, which is the minimal ideal of £.

In the present paper we investigate the notion of the conjugate ideal of an
ideal relative to another ideal. For a given ideal X of £, the conjugate ideal of
an ideal § of £ relative to K, or simply the K-conjugate ideal of §, is the set
of all operators T in £ such that TS € K, for every S € §. The K-conjugate of
9 can also be characterized as the largest of those ideals § such that 9 C K
(§ 3). If X is the trace class @l, the K-conjugate of an ideal 5 coincide; with
the Kdthe-dual of 4 [4, §5]. Furthermore, if 9 is a minimal norm ideal, then the
erconjugate of § is the topological dual of § [12, Chapter 5.

Our main purpose in this note is to present some of the facts of the theory of
conjugate ideals in a more transparent and elementary fashion via the above more
general and algebraic definition of conjugate of an ideal. For instance, if K is a
proper ideal we shall see (§3) that with our definition of X-conjugate it is very
simple to prove that if there exists a self K-conjugate ideal, then it must coincide
with the square root of X (where K* is defined in the natural way [11, §2]).

On the other hand, some of our results also lead to new theorems of the stand-
ard theory. In $4 we discuss the case in which K is a symmetric norm ideal, and
to this end we establish a comparison criterion for maximal and minimal norm
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ideals in §$2. We show (§4) that if p> 1, g>1, 1/p+1/g=1, and X is a maximal
norm ideal, then K12 and K9 are K-conjugates one of another, and a Hélder
type inequality holds for a pair of operators S € X!/, T € K!/4, In particular
K1/#K1/a _K. . Even for the classical case (X = G,) this result explains the
rather mysterious relation 1/p + 1/g =1 that the numbers p and ¢ must satisfy.

Following [1] a nonnegative convex function f defined on the nonnegative
line will be called admissible whenever i) >0 if and only if £>0. In§5 we
introduce the ideals S(/; X) and fD(/; X) as in [10], where X is an ideal of £ and
f is an admissible function. These ideals may be defined as follows:

3 K) =T e £: [(a\/T I e K, for some a> 0},
D, X) =T € £: flayT*T) €K, for all a> 0}

We prove that if X is a maximal norm ideal and f is a convex admissible function,
then 5(/; K) is a maximal norm ideal and we show that the corresponding minimal
norm ideal is given by D, K©%), where KO is the minimal norm ideal correspond-
ing to K. §6 is devoted to proving that if f and g are convex admissible func-
tions conjugate in the sense of Young, then 8(f; X) and 8(g; X) are X-conjugates
one of another, where X is a maximal norm ideal. Furthermore, it is shown that
S(g; X) is the X-conjugate and the X% conjugate of D(f; K0). 1 K = 6, then the
ideals &(f; K) and 2(f; X) become the ideals (/) and £(f) defined in [1). Thus,
the above results imply, in particular, that S(f) is a maximal norm ideal and 9(/)
is the corresponding minimal norm ideal. Also, if g is the conjugate of f in the
sense of Young, then 8(f) and Hg) are Kéthe-duals one of each other, and 3g)

is the Ké&the and topological dual of P(). Finally, in §7 we make some remarks
concerning joins and intersections of ideals. As a by-product of this discussion,
we prove that the join of a countable family of norm ideals properly contained in

C is strictly smaller than C. This result answers, in the negative, for the case
of norm ideals, a question raised in [1, §6]. Also, we prove that the union of an
increasing countable family of ideals strictly contained in € is properly contained
in C, reducing the above mentioned problem of [1] to the question of whether or
not C can be expressed as the join of two strictly smaller ideals.

2. Maximal and minimal norm ideals. We begin our considerations by review-
ing some known results from the theory of ideals of £ [5, Chapter 3.

One of the basic facts we shall repeatedly use in the sequel is a theorem of
Calkin [2, §1] which establishes a lattice isomorphism between the set of ideals
of £ and the set of characteristic sets (see also [4]). In order to state this re-
sult we need to introduce some notation.

Let @ be the set of all nonincreasing sequences of nonnegative real numbers.
In what follows, the elements of € will be denoted by x, y, z, etc. and the terms
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of the sequence x by x , n=1,2,..-. Given %, y € £ and a nonnegative real
number @ we denote by x + y and xy the elementwise sum and product of the
sequences x and y, and by ax the sequence whose terms are ax .
A characteristic set J is a subset of  that has the following properties:
(D) If x € 3, then the sequence {xl. Xys Xgs Xgp Kyp X3, o Jisin g

(I If x, y€ 9, then x+y €.

(Im) If x 6.3, y €8, and YpS%p n=1,2,., then y € 3.

Following the standard notation we shall denote by s(T) the sequence of
singular numbers (also called approximating numbers) of the operator T € £. If
3"” denotes the set of all operators of rank at most n, then

sn(T)= inf |T-Xlly, n=1, 2000
X efn -1
If T is a compact operator, then s(T) is the sequence of eigenvalues of the oper-
ator \/ﬁ » counted according to multiplicity and arranged in decreasing order
of magnitude.

The above mentioned Calkin’s theorem states that if § is an ideal of £, then
the set A() of all sequences of the form s(T), T € § is a characteristic set and
the correspondence § «» A(g) is a lattice isomorphism. Thus, A(C) is the set of
all sequences in & tending to zero and A(F) is the set of all sequences in &
having only finitely many terms different from zero. Since the characteristic set
AJ) will be frequently used throughout this paper we shallwrite §§ in place of
AG. ¥ (‘ZP denotes the p-Schatten norm ideals, p > 1 [12], then we also have
A(ep) ={x e.Q: 2 xf' < oo},

Following [12] we shall say that an ideal § of £ is a norm ideal if there
exists a norm ||+ [|, on § satisfying the following conditions:

@ ¢, |- "3) is a Banach space.

®) ISTR]g < ISHIRIITIs for every R, S € &, T € 4.

©) “T".‘l = ||T||, for every operator T of rank one.

Let ? denote the directed set of all finite rank (orthogonal) projections in £.
It can be easily proved that if T € g, then {||PT]|| g Pe ?1 is an increasing net
of nonnegative real numbers directed by the set P. If (4, || - || 3) is a norm ideal,
and, in addition to (a), (b) and (c), ||+ ||, satisfies:

(C)] limpgg’"PTllg = ||T||5, for every T € §,
then (4, ||| 3) is called a symmetric norm ideal [9, §71. I ({, || - || 5) is a norm
ideal, then the closure of J in the topology of J is the smallest norm ideal with

norm ||+ [l4. Following [12] we shall say that g, |- ||3) is a minimal norm ideal
whenever § coincides with the closure of F in the topology of §. We shall see

below that minimal norm ideals are symmetric norm ideals.
¥ Y-l 3) is a norm ideal and T € §, it readily follows that ||T| p depends
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only on the sequence of singular numbers of T. Let ® be the nonnegative function
defined on § by the identity

&ls(7)] = ||T||’, Ted.

Then @ satisfies the following properties, for every x, y € §.
() If %, >0, ®x)>o0.

(ii) B(x + y) < P(x) + Dly).

(iii) ®(ax) = ad(x), for every a> 0.

(iv) If v=11,0,0, ...}, then ®(v) = 1.

v If En-l x, < 2n=1 Yo k=1,2, ¢, then ®(x) < y).
A nonnegative function ® on & that satisfies the properties (i) — (v) will be called
a symmetric norming function, and the set of these functions will be denoted by n.
It follows directly from (v) that if ® € J, then ® is a nondecreasing function, that
is ®(x) < ®(y), whenever x_<y_, n=1,2,--. Therefore, if 0,(x) denotes the
kth section of the sequence x € € (i.e. ok(x) = ixl. Xpreees %, 0,0, 000 1, then
{‘D[ak(x)]} constitutes a nondecreasing sequence of nonnegative real numbers, for
each fixed x € . It follows that the set

Gp=1x€l: lim Blo, ()] < w}
k—00

is a characteristic set and is the natural domain of definition of the function ®.
It can be easily checked that @, as a function on G., satisfies the properties (i)—(v)
described above and

i) lim, _,,, Plo, ()] = ®(x), for every x € &g,
If r,(x) denotes the kth tail of x € & (ie. 7.(x) = {x 440 %4y <=+ D)y then the set

63 {x < Gyt lin Ol o}

is a characteristic set which is intimately related to the function ®.

With the following theorem, we complete the review of the known results we
shall need concerning symmetric norm ideals. Its proof is essentially contained
in [5, Chapter 3].

Theorem 2.1. Let (4, |- || ) be a norm ideal and let ® be the symmetric
norming function induced by || - “3 Furthermore, let 8y be the ideal of £ defined
by ASg) = 6. Then we bave:

(a) 8,_ iTef: limp .9 "PT“ < ool

(b) S is a norm ideal with tbe norm ||T|ly = limp €?||PT||3 =

o @a,[s(T)]), T € 8. :

S Sy ama Il < Tl T e,

(C)] If-S. is the 1deal of £ defined by A(So) G’ then S& is the minimal
norm ideal corresponding to 5.,
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Remark 2.2. Let (¢, || - | 3) be a norm ideal, and let ® be the symmetric norm-
ing function induced by |- || g° From Theorem 2.1 we conclude that 5‘, is the
largest of those norm ideals whose minimal norm ideals coincide with 82. In view
of the preceding observation a norm ideal (4, || - lg) satisfying J=-{Te&:
limp . o ||PT||3 < oo} will be called maximal norm ideal. It follows from Theorem
2.1 that a norm ideal is a maximal (minimal, resp.) norm ideal if and only if it is of
the form SQ (Sg, resp.), for some ® € Jl. In the following theorem we establish a
comparison test for symmetric norming functions which can also be used to com-
pare maximal and minimal norm ideals.

Theorem 2.3. Let ®, ¥ € I. Then the following conditions are equivalent:
(@) Sg C S

(b) §§¢ 88,

(©) 88y

(d) There exists y>0 such that ®(x) < y¥(x), for every x € F.

(€) SUP, ¢ g 410 [®(x) /¥(x)] < oo,

Proof. It is clear that (a) = (c), (b) = (c), (d) = (a), (d) =>(b) and (d) =(e).

Since symmetric norming functions are monotone we see that for every T€ Se.

170l = s,(T) = 5 (7)1, 0, 0,-+ - ) = Bl (T), 0, 0,-+ - D < BLs(T)] = | T

Similarly, |T|| < ||T||*, forevery T € 5&. Therefore, the canonical inclusion maps
from g into £ and from 50* into £ are continuous. From the closed graph theorem
it follows that the canonical inclusion map from 50' into 5. is also continuous.
Whence, there exists y > 0 such that ||T||’ <ylTl g for every T € Sg. Now, for
every x € § we choose T € F such that x = s(T). We deduce that ®(x) = ®s(7)] =
ITllg < yI Tl g = y¥[s(T)] = y¥(x) and part (d) follows.

Corollary 2.4. Let ®, ¥ be in N. If 85=8, then 5’ = Sov and &. = 52.
In particular 5’ c C if and only if 5’ GC

Remark 2.5. In view of Theorem 2.3 it is natural to define the following order
relation and equivalence relation on Ji: If ®, ¥ € N, then ® << ¥ if and only if any
of the statements of Theorem 2.3 holds; also, ® & ¥ if and only if ® <<V and
Y << ®. Foreach p>1, let (Dp € J be defined by ®p(x)=(2:,l xﬁ)“", x€q,
and let ®,, € N be given by ®_(x) =sup_x_=x,, x € §. It follows that for
every ® € ), and every x € § we have ®_(x) <®(x) < @,(x). For this reason,
®, and @ are called the maximal and minimal norming functions, respectively.
In [5, Chapter III, § 3] it is shown that ® ® ®_, if and only if sup, Q[ak(u)] < oo,
and @~ @, if and only if inf, k-1 ®lo, (4)] >0, where u denotes the constant
sequence u = 1,n=1,2,.... Observe that SQN =£, 8%‘,‘,’ e, and
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S’l = 52, . = el' A function ® € N is said to be mono-normalizing whenever Se =
8. From Corollary 2.4 it follows that if ® is a mono-normalizing function and
Y x5 @, then ¥ enjoys the same property. Let us denote by 3 the equivalence
g\}ass of ®. From Theorem 2.3 we conclude that the mappings <I> - S’, and
.—»S,, from the set of equivalence classes of N to the set of maximal norm
ideals and the set of minimal norm ideals, respectively, are bijective and order
reversing. Moreover, it follows from Corollary 2.4 that they only coincide in the
set of equivalence classes of mono-normalizing functions. In Remark 4.7(d) we
shall show that the set of maximal norm ideals and the set of minimal norm ideals
are lattices as well as the set of equivalence classes of N, and we shall see that
the mappings mentioned above also preserve the corresponding lattice structures.

Theorem 2.6. An ideal of £ is a symmetric norm ideal if and only if it is a
closed subspace of a maximal norm ideal. In particular maximal and minimal norm
ideals are symmetric norm ideals.

Proof. Let (4, || - lly) be a symmetric norm ideal, and let @ be the symmetric
norming function mduced by || - “3' From Theorem 2.1, ﬂCS.. since ¢, || - -l
is a symmetric norm ideal, for every T € §, we have ||T||3 =limp .o |PTly= I Tll,-
Thus, from the fact that 4 is a Banach space, we conclude that S is a closed sub-
space of 5 .Conversely, suppose there exists ¥ € N such that the ideal § of £
is a closed subspace of Sir‘ Then (4, || - +|ly) is clearly a norm ideal. Moreover, since
limp ,llPTIIw = ||Tllg, for every T € 9, we conclude that (¢, || - ly) is a symmetric
norm ideal.

Remark 2.7. Let p>1, ® € ). We define ®,,, on & by e, %) = [®(x?)]12/?,
where «? denotes the sequence whose terms are xf It can be easily checked that
( o € T, for every p > 1. Also, it readily follows that Go ={x e Q: 2? € G},

” =lx el x? € G

Following [11, §2] for each ideal  of £, and each p >0 we shall denote by
41/? the ideal defined by A§1/?) = [A(ﬂ)]"" fx € 8: x? € AY)}. Thus, S.
SPl/e, 50 (80)1/", p>1.

Theorem 2.8. Let ® € XU such that 8 cQ Then, for every p>1, 84 G
Sp'/? and 8 & (SP1/?.

Proof. Let p> 1. It is obvious that 5 < (5 )1/? and 50 c (Sg)l/p On the
other hand, since 5 o @, it follows that ® 99 ®_., and hence lnn,c o Q[ak(u)] = o0
(u"-— 1, n=1,2, ---) Therefore

sup [®(x)/ o, )(x)] > sup (®lo (u)]/q’( » NCA @) = sup (@0, @Dt-17p

x€§

We conclude that (§4)!/? 2 8g, !/ 2 89, and our assertion follows.
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Theorem 2.9. Let § be an ideal of £ such that § G C. If §=92 then
there does not exist ® € N such that 52 C q C 5.. In particular, § cannot be a
normed ideal. -

Proof. Suppose there does exist ® € U such that 5gg3 < S.. . Therefore,
(52)1/2 __C_ﬂl/z < (5.)1/2. Since § = 42, it follows that § = §'/2? and hence
52(2) = (53)1/2 gﬂl/z =4 < 5.. From Theorem 2.3 we conclude that (53)1/2 < 5.0.

Since we always have 5: g'(Sg)“ 2 we deduce that §3 = (53)1/ 2 ¢ & which con-
tradicts Theorem 2.8.
Remark 2.10. As a by-product of the above theorem we obtain the following

conclusion: U 21 ep is not a norm ideal.,

3. The K-conjugate ideal of an ideal. Given two ideals § and § of &£, the
product 99 of § and J is the linear span of the set {TS: T € 4, S € §}. The
following theorem can be proved with arguments similar to those used in the proof
of [11, Theorem 2.1].

Theorem 3.1, Let § and § be two ideals of £. Then the characteristic set
of the ideal §4 is related to the characteristic sets of § and § in the following
natural way:

AG9) = AOAY) = {xy: x € AB), y € AY)L.
Remark 3.2. (a) For every pair of ideals 4, J of £, we have §9=44.
() If § is an ideal of £ and & is a positive integer then A(%) = [A(9)]* =
{x*: x € AU} (cf. Remark 2.7).
Definition 3.3. Let X be an ideal of £. For each ideal § we define the
K-conjugate of § as the ideal

%K) ={ T €L:5TeK, for every S €}.

Remark 3.4. We list below some elementary properties of the X-conjugate of
an ideal 4.

(@) $%XK)={T € £: TS € K, for every S € 4.

(b) I CK) = (@<KH c X (as we shall see later this inclusion might be
propet).

(©) AUXX) = {x € : xy € AKK) forevery y € A9}

(d) $%() is the largest of those ideals § such that 44 < X.

(e) AG*(K)) is the largest of those characteristic sets I such that A(9)3
c AX).
T (@ I K.

(® If §CJ, then $) ¢ 4K).

() $°%K) = 4%(K).
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@ X c94K), and £XK)- K.

(j) An ideal X is called prime if for every ideal 9 such that § QK, we have
$4K)= X; furthermore it follows that K is prime if and only if $%(X) = K for
every ideal g containing X.

Theorem 3.5. Let X be an ideal of £ and let §=K'/2. Then $K) =g
and § ¢ 9%K). On the other band, if there exists a self K-conjugate ideal, then
it must coincide with 4.

Proof. Since 52 K it follows from Remark 3.4(d) that ﬂ c $4K). Then
from Remark 3.4(g) §$°4K) C $XK). Therefore, using Remark 3.4(b) and (f) we
have K = 49 c (X)) ¢ ﬂ(ﬂx(K» c K, and hence J(PXK) = K. Since
X-= (3’0(00) ﬂ C (3)0((](»(3)«(3{)) C (SXXCK»(SX(K ) c K, we conclude that
(ﬂxx(K))z and hence SXX(K) f] proving the first assertion. Now, if there
exists § such that § = §%(K), it follows that 9C g because §? = Q(QX(K)) c
K =92 Also, since ﬂC $XX) and SX(K)C XKy =9 Cﬂ we conclude that
4 = 4. The proof of the - theorem is completed

In §4 we shall see that if ® € JI, then (S’)l/ 2 is the self 84-conjugate, and
if ® is not mono-normalizing, there does not exist any self Sg-conjugate ideal,

Theorem 3.6, Let § and § be two ideals of £. As usual, let § V4 denote
the smallest ideal containing both § and §. Then we have (§ V 94K =
4K)n $XK). On the other band §%(K) vV K< @ng>X:

Proof. From Remark 3.4(g) it is clear that (§ V 3)X(K)C XK (8 n 9,
@V <K ¢ $<K) c (9 1 9<K), and hence $X(K) v $4X) ¢ cdén 9XK),

@ v IP<K) ¢ < $%(K) 1 $4X). Thus, in order to complete the proof of the theorem
it remains to prove that IX(K) n <K c 8 V 9XK). To this end let us observe
that AUVP={xVy:xe Al¥), y € A(ﬂ)} A V AY), where x V y denotes

the sequence whose terms are x, Vy , n=1,2,. o« (cf. [1, Lemma 4.9]). Now

it is immediate that if X is an 1deal of &, then A(%)(A(g) VA9 = A AD]
VIA) A9)], and hence X@V 9) =XI VXY. Therefore

GV HEEK) 0 PLKN = BEKK) 0 KNV IECK) 0 <K
¢ BN v G g K.
From Remark 3.4(d) and the last chain of inclusions our assertion follows.
Theorem 3.7. If CXK) =X and § X, then $K) & C.

Proof. Since § QK, we see that X £ £, and hence K=K implies that
KSC. Nowlet T € § suchthat T ¢ K. Since @XK)=X, there exists S € C
such that TS ¢ K. It follows that T ¢ §°XK) which implies that %K) & C,
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Theorem 3.8. Let X be a maximal norm ideal. Then CK) =K.

Proof. Let ® € J such that K = 5.. If 5’ = £ there is nothing to prove.
Therefore, we may assume that 50 ¢ C. From Remark 3.4(c) it suffices to prove
that for every x € € such that x ¢ Gy there exists y € A(C) such that xy ¢ G-
Thus, suppose x € € and x ¢ 6 Then there exists k, such that Q[a (x)] > 1.
Since the tail 7, (x) (= {"Hk ) x2+,¢ seee]) of x is not in 8, there exists k,
such that ®lo & zrk (N1 > 22, Contmumg in this manner, let k n+1 be chosen so
that ®lo, (r (x)) > (n +1)2, Now define y € € as follows: V=1, 1<n<k,
Yo = 1/2 k1+ 1<n<k +ky,y,= 1/3, ky +Ie +l<n<k +Ie +k3, etc.
It is clear that y € A(C®) and that

. . x
klimw (D[ak(xy)] > il_x‘noo ] <0kn+l [rkn< m)]) = oo,

We conclude that xy ¢ G, as desired.

Remark 3.9. (a) Let ® € JU be a non mono-normalizing function. From Theorem
3.8 we have OXQp) = 8,. On the other hand, if x € €g and y € A(C) we see
that for each m = l 2, ... we have ®[r_(xy)] < Y (D[r ()] < ¥,, ®(x), and hence
lim _  ®lr_(xy)] = 0. Therefore G(GX(S,» CSO gS,. Thus, this is an example
n whxch the inclusion in Remark 3.4(b) is proper.

(b) The inclusion in the second statement of Theorem 3.6 might be proper.
Let § and § be two ideals of £ such that § N § = @l, GI &4 and @l o
(cf. [10, Remark 4.5]). From Theorem 3.7 £P<<@I) o @, 3"(@1) & G, and hence
Qx((il) \) 3"(@)2@ However (§ N ﬂ)x(@l)=

4, The K-conjugate of norm ideals. In this section we shall be primarily
concerned with the K-conjugate of maximal and minimal norm ideals, where X is
either a maximal or a minimal norm ideal.

Definition 4.1. Let ®, ¥ € Jl. We define the function ‘I’: on & by the formula

Yelx)=  sup  [D(xy)/¥()
ye€ E; Y1 #0

Remark 4.2. It follows that ‘I‘:e 2'(, for every ®, ¥ € Jl. The only property
of symmetric norming functions that ‘1’0 does not obviously satisfy is the fifth one,
This is a consequence of the following fact [8, Lemma 3]. If z € € and x, y € %
such that Z™  x <37y, m=1,2, ¢, then 27 x z <37y z,

1,2, +++. The function W3 will be called the conjugate function of ¥ telanve to
®, or simply the ®-conjugate of ¥. The following different characterizations of
the ®-conjugate of ¥ are easy to verify:

‘l‘:(x) =  sup Olxy) = sup O(xy) = sup B(xy).
yed; ¥(y)st yéez; wiy)sl vE@y; ¥(y)sl
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The following theorem is the central result of the present section.

Theorem 4.3. Let ®, Y be in M. Then the following statements are valid:
(a) 8(S) = 8?;‘(5,)= S’;(Sg) = S";.
(b) Let X be one of the sets: (I) {X € F: ||X|| o S1h () X € 83: [IXI, <13,

) {X € S,z |X|| ¢ S1k
Then, for every T € 5' * we bhave
¢

ITl , = sup IITX". = sup ||XT“’= sup O[s(T)s(X)].
Yo XeX XeX XeX

(c) (Generalized Hélder inequality). For every S € S', T e 5'* we bave
max (| TSl [ISTlly) < DLs(S)s(TII < [IS]] ‘,||T||**.
]

@ If 5. cC and Sv QS’ (and bence 53 ng), then 509 5’ LCC
= ==

Proof. We first establish (c). Let S € 8, T € 5**, then for every k=1, 2, ...

we have ¢

0o, [s(5)s(T)D) = Do [s(5)]e, [+(TD < Wlo, [s( ¥ o, (T
< Ys(Gs(1)] = "S"‘,"T“';'

Therefore ®[s(S)s (T < |IS||_||IT|l +. Since the first inequality in part (a) follows
L S Y

from Horn’s inequality, the proof of part (c) is completed. We also deduce that
S'; c S""(Sg) The pro:: of (a) will be finished after showing that 52,"(59 c ) 5
Tothisend let T € § v (5‘,) and let {P n¥ be an increasing sequence in tending
strongly to the identity operator such that rank P ,=n,n=1,2,¢... Next, we
define for k=1, 2, ... the linear transformation ¥, Sg - S’ by the identity
Y, (S)=P,TS, S € &§. Then ¥, Oy = BLs(P, T$)] < o [s(TS)]) < BLs(TS)] =
ITsll, and ||¢k(S)||° <|Is| w||I»",¢T||",.‘, k=1,2,.... Therefore, from the uniform
boundness principle it follows that ¥
Osup " PkTS"’ <y
Se8y [Isly=1
for some y>0, k=1,2,..., and hence
sip TS, <.
ses; sy <1 0
Now let X -« F, and let T = VQ (where Q =T*T and V isa partial isometry
in £) be the polar decomposition of the operator T. It is easy to see that there
exists a positive operator R € F such that RQ = OR, s(R) = s(X) and s(RQ) =

s(R)s(Q). Now let W be an isometry in £ such that WV *V = V whenever T (and
hence Q) is in F, and let W = V otherwise. Then RQ = RW*WQ = RW*Wv*vQ =
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RW*VQ = RW*T. Now let Y = RW* It follows that ®[s(XT)] < ®ls(X)s(T)] =
®ls(R)s(Q)] = Bls(RQ)] = ®ls(YT)]. Since ¥Is(X)] = ¥[s(¥W)] < ¥s(¥)] we con-
clude that

ST|lg= Os($)s(1)].
Se?;sllll.al"sl“ le Se?;siig“'sl sl

In a similar way it can be proved that

7S]y = su O[s(s)s(1)].

sup
seS; |sllg=1 * ses, lIsllgs=2

From the formulas just proved we conclude that

ITl, = s Ols()s(m<y
S ses; sl et ="

and hence T € S & Therefore gox(g )CS +» as desired. Also, employing

Remark 4.2, the proof of (b)I) follows. Smc% (bXII) and (b)(III) are consequences

of (b)I), (c) and Remark 4.2, the proof of (b) is completed. Finally part (d) is a

direct consequence of Theorem 3.7,

Corollary 4.4. Let ®, ¥ € N and let § and K be two ideals of £ such that
Sg,g (] g 5*, Sgg X g S’, QS**LC_ K. Then 9%X) = Sw,.. In particular, the S{

conjugate of any norm ideal is  maximal norm ideal.

Proof. Since 98 : C K it follows that S 3 C §%(K). On the other hand,
$%K) c SOX(K) C S°’<(80) = c**. Therefore gx(K) = S‘,t.
[

Theorem 4.5. Let ® € N, and let p> 1, ¢ > 1 such that 1/p + 1/q = 1. Then
(50)1/ ? and (5 )4 gre § p-conjugate one of each other. Also [(Qo)l/ p]x<80)

(8! ‘a, |f Q(p) and @, are as in Remark 2.7, then (O(q)) D,

Proof. From Theorem 4.3 it clearly suffices to prove the last statement. Let
%y€E x,£0,y,£0andler x', y' € F suchdxat x —x/d)@(x), y' =y/%, o)
From a well-known inequality it follows that xy_ < (x)?/p + (y, N/g n=1,2 ...
and therefore ®(x'y’) < Ol(x")?1/p + ®lly")?)/q < 1/p + 1/q = 1. We conclude that
D(xy) < @, ()P \(y) and hence (P q)) (x) <@, \(x), for every x € &. In order
to prove the reverse inequality, we choose, for a given x € §, x, # 0 a sequence
y € § such that y = xP~ l/[<I> (x)]" 2, It follows that ® q)(y) =
(B2 -]V a/[@(x?)] /2 = 1, On the other hand ®lxy) = ®(x?)/[B(x?)]}/ =
(D(ﬂ)(x) Therefore snpy ¢ Bia(y)(y)s1 Blxy) = @ p)(x), for every x € &, and the
proof of the theorem is completed.

Corollary 4.6, Let ® € 1. Then (S )12 s the self § g conjugate zdeal.
Moreover, if ® is not mono-normalizing, tben there does not exist any self & L
conjugate ideal.
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Remark 4.7. (a) Let ® € ) be a non mono-normalizing function. From
Theorem 4.5 we see that [(Sg)l/ 2]x<5.)= (5.)1/ 2. [(52)1/2]’((5%). Therefore,
8 2[(52)1/ S & 8, and we have found another example in which the inclu-
'sion in Remark 3.4(b) is proper.

(b) Let ®, ¥ € N. Then a necessary and sufficient condition for the validity
of SP;XG') = 8y is that ¥ be equivalent to Q:, for some Q@ € X.

(c) From the results of [12, Chapter 5] and [5, Chapter 3] it follows that, if
S = el’ then S** is the topological dual of bg and the Kéthe-dual of §_, and
‘I’;* =V Moteovgr, from Theorem 4.3 we conclude that if 5.= @l, then & *; is

the Kgthe-dual of bg and can be embedded (topologically and isomorphically) into
the topological dual of 5*. This embedding can be obtained via the nondegenerate
bilinear form trace (ST), S € -Sy Te 5’;.

(d) The set of symmetric norm ideals of £ has a natural lattice structure,
Let (4, |- ly) and g, |- ly) be two symmetric norm ideals. We define for each
Tedny, “T"gng = max (||T||’ , “T"3)' It is easy to check that (I n g, |- lgng
is a symmetric norm ideal and we write (§ NY, |- ||’ ns) =GN0 AG D -g)-
On the other hand, since (§ V 3)><(€l> = 4*(@1) NGC,) we see that G VPH*C)) is a
symmetric norm ideal, and hence (§ V 5)>°<(€l> is the smallest maximal norm
ideal containing § U J. Let Q € JU such that §g= (4 Vﬂ)xx(@l). We define
G- (A G- IS) to be the closure in Sg of 9 V J, and we provide this
norm ideal with the norm || - ||g. Therefore, by definition G- ||’) v |- “3)
is the smallest symmetric norm ideal containing U § and (4, || - ||!) AG (- 5)
is the largest symmetric norm ideal contained in Ing. In particular, the set of

maximal norm ideals and the set of minimal norm ideals constitute lattices under
inclusion with the lattice operations described above. It follows that none of
these lattices is linearly ordered (Corolla’{‘ies 5.5, 5.6 and [10, Theorem 3.7]). We
also see that the mappings ® — 5¢ and ¢ — Sg are lattice preserving. B. S.
Mityagin %nd A. S. Shvartz [9, §7] proved that there exists a bijective corre-
spondence between the symmetric norm ideals of £ and the symmetric norm ideals
of I” (this correspondence turns out to be the restriction to the class of symmetric
norm ideals of the Calkin lattice isomorphism). The above observation implies
that the Mityagin and Shvartz correspondence is a lattice isomorphism.

(e) Let 04T € £ and denote by (T) the principal ideal generated by T. Then
for every ® € Jl, (T)X<S¢) is a maximal norm ideal. If 7 =s (T)/s(T), n =
1,2,+--, and ®,_ is defined on & by @, (x) = O(mx), then @, € N and
(TYXS) = Sgﬂ. The case Sg=C, is especially interesting. In fact, (TY(C))
is the maximal (and minimal) norm ideal 5” introduced in [6]. A symmetric norming
function for the maximal ideal (T)4C,) is given by sup, (2:__.1 ::"/Ek=l 7.)s

n

xeF. ¥Tel and T¢ 61 this symmetric norming function is not mono-normalizing.
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Therefore the corresponding maximal norm ideal 5n is nonseparable. If follows
that the minimal norm ideal 53 corresponding to Sn can be characterized by

E:=ls"(5) }
—_— =05,

n=1 Tp

8= {S € 8: lim sup

k—00

The ideals of 511 and 53 were already introduced in [6] and the above mentioned
facts about the ideals 5”, 8n and 5& are proved in detail in [5, Chapter 3]. These
properties will be used in the following theorem.

Theorem 4.8. Minimal norm ideals are not principal ideals.

Proof. LetJ be a minimal norm ideal and suppose there exists T € £ such
that § coincides with the principal ideal (T) generated by T. We first assume
that C‘Zl SY. ThenT¢ (’.l and from Remark 4.7(e) it follows that

2"_1 s,(8)
(TP(€C) =Sn= S €8 lim sup ——— < oo,

k
k—oo n=1 "u

sn(T)
where 7_ = n=1,2,...%.
n SI(T)Q

Since (T) is assumed to be a norm ideal there must exist ® € J such that

(= 52. From the fact that S3*(C ) = 8, (Remark 4.7(c)) we deduce that

S = Sn. Therefore (T) = 5% = Sa (Theorem 2.3) and hence T € 53. In particular,
we conclude that

k k

O=limsup ), s (T) / 3 7 = s,(D) =T,
k=00 p=1 n=1

which is a contradictipn. On the other hand, if ﬂ = 81 and T € 3, then from

[10, Theorem 4.6] there exists an ideal X & § such that T € X and hence £ (T).
The proof of the theorem is complete.

S. The ideals 3f; 9) and £(; ). Let J be an ideal of £ and, for p >0,
let /( 2 be the function defined on the nonnegative real line by /(p )(f )=£P, £>0.
Then the pth root of J (Remark 2.9) can also be defined as A(J}/?) ={x € Q: ) °
x € N9}, where /(p) ox denotes the composition of the function /(p) and the sequence
% (i.e., (f(p) °x),=xf n=1,2,-+.). There are many other functions that can
be used together with an ideal § to produce new ideals. Following [1] we adopt
the following terminology.

Definition 5.1. We shall say that a nondecreasing nonnegative function f
defined on the nonnegative real line is an admissible function whenever f(£)> 0,
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for every £> 0 and f(0) = 0 = lim £—0 f(€). The class of all admissible functions
will be denoted by &.

Remark 5.2. Given an ideal § of £ and f € @, the set {x € &: fox € A(Y)}
is not in general a characteristic set. However, it follows that [10] the smallest
characteristic set containing {x € &: foxe A9} is given by

6(f; Ag) =fx el:folax) € A(9), for some a> 0}

and the largest characteristic set contained in {x € &: f ox € A(§)} is defined by

9(f; AY) = {x € X: fo(ax) € A(), for all a> 0}

It is observed in [10] that if f€ @ isa mono-generating function, that is if there
exist a>1, y>0, ¢>0 such that flad)<yf(€), 0< E<e, then 6(f; A9)) = 2(f; AY)),
and hence {x € &: f ox € A()} is a characteristic set. Moreover, the above

condition is necessary whenever g-= el' Ve let S(/; 3) and fl)(/; 9) be the ideals
of £ defined by

ABG; P1=6(5; A9, AID(f; 1 = B(; AQ).
It follows that

3(f; 9) ={T € &; flayT*T) €4, for some a > 0},
Df; ={T €L: faVT *T) €4, for every a> 0}.

As in [10] we define the following order relation and equivalence relation on a.
Let f, g € @, then / < g if and only if there exist positive numbers a, B, y and
€ such that f(af) <yg(BE), 0<€<¢; f~g ifandonlyif f <gandg</f It
is easy to prove that if f < g and § is an ideal of £, then S(g; e ;5 9) and
Te 9 C2(f; ). Therefore, if f ~ g, then Nf; §) = Sg; ) and D(f;9) = L(g; 9).
All these conditions become necessary and sufficient when §= C, [10, Theorem 2.12}.

In the present section we study the ideals 5(/ ;9) and 9([; 9) in the case
that § is either a maximal or a minimal norm ideal and f is a convex admissible
function. If g € @ and g(£)/€, &> 0 defines a function in (, then it is easy to
see that [10, Corollary 3.5] g is equivalent to a convex admissible function f
satisfying:

() 1) =1,
(%) limg_y E)/€ =0,

(%) limg_, (EV/E = o0

From the above remark we have S(f; §) = 8(g; 9) and D(f; 9) = D(g; 9), for
every ideal § of £. On the other hand, if g is a convex function in @ such that
g(£)/€; £€> 0 does not define an admissible function, then g ~ f(,, and hence

&g; 9 =9=2L; ), for every ideal g of £. Since this case is irrelevant, and
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the normalizations (*) and (***) of a convex admissible function f do not affect
the ideals they generate, throughout $5 and $6 we shall restrict our considera-
tions to convex admissible functions [ satisfying (*), (**) and (¥**), because the
arguments are simpler and more relevant for them. The set of these admissible
functions will be denoted by a -

Lemma 5.3, Let D e N and fe U o+ Then the function 0, defined on § by
d’,(x) = infgl, (x/p))s1 P IS in . Moreover ®lf °(x/®/(x))] =1 forevery x € §.

Proof. The last statement follows immediately from the continuity properties
of the function @. On the other hand, it readily follows that (Dl satisfies proper-

ties (i), (iii) and (iv) of symmetric norming functions. In order to prove (ii), let
%,y € & such that a = ‘D,(x) £0, B= Ql(y) # 0. Then,

ofre(z3)] o[ (55 25 2)]
<25 ofs) Epoley] <o

Therefore q’/(x +y)<a+B-= d),(x) + ‘D/(y) and (ii) is established. Finally, the
fact that @ ! satisfies property (v) of symmetric norming functions follows directly
from Weyl’s theorem [13] which states that if x, y € & Ek_l x, < 2"_1 Yo k=
1,2,--, and g is a convex admissible function, then E:=l glx,) < En_l gly,)

k=1,2 ...

Theorem 5.4. Let ® € N and f e (U, Then 8(7; 8 = bo and D(f; 8 = 82,

Moreover, for every T € 8 , we have ||T||’ = mfo[/O(s(T)/p)]sl p.

Proof. Let x € € » Then it is not hard to check that

lim inf p
k—o0 #[o (folx/pN]s1

=inf{p: ,iim ®lo,(f o (/PN < 1}.

Therefore @ (x) = infyl/0(x/p)] <1 P+ This completes the proof of the last asser-
tion of the theorem. Also, we deduce that €, < e(; € s)- In order to prove the
reverse inclusion we let ' be the right denvanve of f (which exists everywhere
since [ is convex). From an elementary property of convex function, we observe
that for every £> 0, /'(£) < €7 1[{(2€) - {(E)] < £'(2€) and hence /(5/2) <
YE'(€/2) < f(€). Now let x € €(f; 6 o)+ Then there exists @ > 0 such that
folax) € 5 . From the preceding observauon we see that, for every 0 <8< 1,
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@[f 0 (8 %x)] < o[(agx) (f' 0 (‘o‘% »] < 8@[(%::) (/' o (gx))] < 80lf o (ax)].

Therefore, choosing & so that 8®[f o(ax)] <1 and setting a8/2 = 1/p, we con-
clude that ®(f o (x/p)) < 1. It follows that x € €4, as desired. Finally, in order
to prove the second statement of the theorem let x € 3(f; Gg). Then for every
a>0, lim,_ ®r (fo(ax)]=0. Fora given ¢>0 let a=1/e. It follows
that there exists m, such that, for every m > m, Olr {0 (x/)] < 1. Then
mfé[r (,o(x/p))]slp<e, for every m > m . Thus, for every m > m,, <I> [r ) <e
and hence x € 6 Y Conversely, suppose that x € G and let >0 and 0<e<1
be given. Then there exists m, such that for every m > m; we have ® / [rm(x)] <
¢/a. Therefore, 1> ®lr (f o(ax/e))] > ®lr_(f o (ax))l/e, for everym > m,. From
the last inequality we see that x € 3(f; Co) and the theorem follows.

As in [10] we shall simply write (/) and D) in place of ; C ) and
¢, € s for every f € a.

Corollary 5.5, Let f € (fc. Then &) is a maximal norm ideal and 9(f) is
the corresponding minimal norm ideal. In particular, D(f) is the unique separable
norm ideal which is a closed subspace of &f). Thus, ) is separable if and
only if [ is a mono-generating function.

Proof. It is a direct consequence of Remark 5.2, Theorem 5.4 and [5, Chapter
3, §6]‘

Corollary 5.6. Let f, g € (Ic and let @, be the maximal symmetric norming
function (see Remark 2.5). Then the following statements are equivalent:

(@) ) 8().

o) D) S D).

() Dig) C (1.

@f<e

() (@), <<(@,)),.

Proof. It follows immediately from Corollary 5.5, Theorem 2.3 and [10,
Theorem 2.12].
The following theorem is a generalization of Theorem 2.8.

Theorem 5.7. Let f € (1 and let ® € N such that b C@. Then b o
S(f; ¢) G € and bence bo ng(/, 50)

Proof. The inclusion (f; 50) & C follows from the fact that 54. & C (Cor-
ollary 2.4) and [10, Theorem 2.22}. On the other hand, since f(£) < &, for every
0< €< 1, we see that b < 3 ) In order to prove the proper inclusion it
suffices to show that suP,,e;; %1 %0 [@(x)/ ® (x)] =oco. Let a, = 1/®lo,(u)], & =
1,2, -+ (where, as before u .= 1, n =1, 2 ,o¢+). Then
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et .s:l:,g . [@(x)/® ,(x)] > sup {®lo, (o, )V/® I[ak(aku)]} = s:p 1/® ,[ok(aku)].

Now we observe that ¢ /[ok(a‘k")] satisfies the identity

% 1 1
= O e = —— — 1y k =1, Lgccee
“’["k( & o, (@] )] o/ <¢,[ak(aku>1) o

If g denotes the inverse function of f, then from the last formulas, we deduce that
®loa,u)] = a,/gla,), k=1,2,---. Since { € @, it satisfies (+*) and hence
limg_, g(§)/€ = 0. Also, we recall that inf, a, = 1/sup, ®lo ()] = 0 (because
8¢ & ©). Therefore
sup  [D(x)/® l(x)] >sup 1/ @,[ak(aku)] = sup gla,)/a, = oo
x€f; xy 0 k k

Theorem 5.8. Let f € {_and ® € N. Then the ideals 3(; 33) and D(f; 3g)
are closed subspaces of dg; 5.), and bence they are (perbaps trivial) intermediate
symmetric norm ideals between the minimal norm ideal INf; 52) and the maximal
norm ideal N, 5’) corresponding to the symmetric norming function ® I

Proof. We show first that &{f; &) is closed. To this end, let {T,} be a sequence
in §f; &) and let T € &(; §) such that lim _, |T-T all, = 0 Foranatbmaty
positive number ¢ less than one choose a posmve integer k such that |T-K “‘l'l
Since T, € 3(f; Q)’ there exist 0 < a < 1/2 and m such that (I)[rm(/ °s(2aTk))]
<e, for every m >m. Since 1/e> 1 we also have 1> ®fos((T-T,)/d)]>
®lf os(T - T,))/e. From Fan’s inequality [3] we see that

né s [T-T)+T,]< }':l [ (T =T + 5 (1]

and therefore
o7, (f o s@TN < @7 (fols(aAT - T,) + slaT, D]
<HOF(f o sQalT - TN + %07, (f 0 s(2aT )]
SHOlfos(T =TI+ Y0l (fos(2aT N<e/2+e/2=¢

for every m >m . Thus, T € f; 50) as desired. In order to show that J(/; ‘¢)
is closed, let {S_} be a sequence in D; S ) such that lim _ [S-S “0 =0,

for some S € 5(/ ; 8¢). Fora given @ >0, let j be a posmve integer such that
IS - SIII Y <1/2a. It follows (using again Fan’s inequality) that

Olf o s(as)] < @/ o [s(als - 5 ) + slas Pl
< BOlf osQalS - § M

+ %0lf 0 s(2a8 )1 < % + % @lf o s(2a5 ).
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Since § ;€ Dy, 50) we conclude that § € D(f; 50) and the proof of the theorem is
completed.

Remark 5.9. Let f € @ . and ® € J... The intermediate ideals 3(f; 83) and
fD(/; b¢) might coincide with either (f; 5¢) or i)(/; 52). In fact, as we observed
in Remark 5.2, if f is a mono-generating function, then 5(/; 5.,) = fD(/; 81,) and
3(f; Sg) =9(; Sg). On the other hand, let b € ac such that 5(£) = e'l/f,
0< €< 1/2. It can be proved that £(b; L)) = L(b; $(5)) & 8(b; D(B)) = S(b; b)),

An interesting situation, with regard to the intermediate symmetric norm ideals
mentioned above, occurs when Sg = 'Sg = @1. In this connection it is natural to ask:

Let fe @ o be a non mono-generating function. Does there exist a nontrivial
intermediate symmetric norm ideal between @(/) and S(/)?

We suggest the following approach to attack this problem. Let us suppose
that f can be expressed as f(£) = f,[f,(€)], £>0, where {, f, € &c and [, f,
are not mono-generating functions. Since 5(/) = 5(/ 2 5(/ 1)) and $(/) =
oy 2 ¢ 1)), the above problem would be solved for the function / if one of the
ideals 8(f,; £(¢/,)) or T(f 2 R 1)) properly contains D 2 L)) and is strictly
smaller than S(f,; S(f ). However, this method might not be successful because
of the example with the function f presented above.

‘The existence of nontrivial intermediate symmetric norm ideals was proved
by Mitjagin in [8]. To prove his result Mitjagin used the nonseparable maximal
norm ideals introduced by Gohberg and Kretn in [6] (they are of the form
(T)><><(€1>, TeC-C , of Remark 4.7(e). These ideals are essentially different
from the ideals -S(/) and 2(¢), 1 € ac.

6. Conjugate ideals of the ideals S(f; S;) and D(f; Sg). We start this section
by recalling some facts about convex functions [14].

Let f € (‘fc, and let [’ denote the right derivative of f. For each £> 0 let
g'¢)= sup, f ‘(n) < €. Since f satisfies condition (***), lim £oo f'(€) = o and
hence g'is a nonnegative function defined on the whole nonnegative real line.
Furthermore, the fact that f satisfies condition (**) guarantees that /‘ and then
g  are in @. It can be proved that

FEE>E IO
for every £>0, and
&) -a<é glf'p-8l<a,
for every £>0, 7> 0 and every € & such that 0 <e< g'(é), 0<8 <f'(y). Thus,

if f "is continuous, then g' is the inverse function of /'. In the standard termi-
nology, the function g’ is called the right inverse of /' and the function g defined by

g(¢) = f £'(0)d6
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is called the conjugate of  in the sense of Young. It follows that g/g(1) € (Ic
and that the conjugate of g in the sense of Young is the function f. The following
is the well-known Young inequality:

En<fE) +glp), &m0

Equality holds whenever either €= g’(n) or 7=["(é)

Using the techniques provided by the theory of Orlicz spaces [14, Chapter 5]
we generalize, in this section, Theorem 4.5 by proving that if [ and g are con-
jugate in the sense of Young, then f; 5‘,) and S(g; Sﬁ) are S,-conjugate one of
each other, for every ® € 1. . The following two lemmas are central to our purposes.

Lemma 6.1, Lez f € &c and let g be the conjugate function of f in the sense
of Young. Then g(1) <1,

Proof. We know that f'(1) = /(1) + g(f'(1)). Since f(1) =1 and g(f'(1))>0
we deduce that f(1)> 1. Let 0<e<f'(1)- 1. Then 1 < f'(1) - € and hence
g'(1< g'(f'(1) - ) < 1. Since g’ €@ and g'(1) < 1 we finally conclude that
gl)= f(l) g'(0)d6 < 1, as desired.

Lemma6.2. Let fe @, ® € X and let [* = g/g(1), where g is the conjugate
of [ in the sense of Young. Then for every x € & we bave

g® () <@ (x) < [1 + gD ().
f /

Proof. From Young’s inequality we see that for every x, y € &, x, £0,
¥, #0, we have

BUx/@ N/ BN S Blg o (</D 6N + [ 3/0 ()]
< 8001/ "o /D (N + B/ 0 G/D NI < g1+ 1.

Therefore, for every x, y € &, Dlxy) <[1+g(1)]P +(x)® (y), and hence,
(‘P )*(x) <1+ g(l)](l> +(x). This completes the proof of the second inequality.
The proof of the first inequality will be given in several steps. We first observe
(using Lemma 5.3) that {y € &: @ (y) <1} =1{y € F: ®(f oy) <1}. Now let x € §,
x, #0, and define z = g(l)x/(d) ) (x) Clearly, it suffices to prove that @ 2 <1,
Smce
1 1 ' 1
O(f*0z)= —Bgoz)< — Blgoz+ fole'oz)]=—dlz( 'o2)]
flox)= qyPecss Plecs+folosl- rald’o )

we need only to show that ®lz(g’ 02)]/g(1) < 1. On the other hand, the validity of

the last inequality follows from the validity of ®[f (g’ © z2)]1 < 1. In fact, if the
last inequality holds, we deduce that
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d(z )
d’[( 0z)l< 22y)
D ETNS s tena g D)

Thus in order to complete the proof of the theorem it remains to show ®[f o (g'02)]
<1. If, on the contrary, ®[fo(g' ©2)]> 1 we let w = (g’ 0z)/®[f o(g' ©2)]. Then,
forevery n=1,2, ¢+, fw) </(g'(z )/®lf o (g’ ©2)], and hence ¥(f ocw) < 1.
Now, we observe that (D[zw/g(l)] < ((I) )*[z/g(l)]t'l) (w) <1 and hence ®f o (g’ 02)]
<Olfo(g'0z) + gozl=Bz(g' 02)] = g(l)@[/ o(g' °z)] Olzw/g(1)] <

g(D®[f o (g' 0 2)). Since g(1) <1 (Lemma 6.1) and z, # 0 (because x, £ 0), the
last chain of inequalities gives the desired contradiction.

((D )*(z) 1.

Theorem 6.3. Let f € (f and let g be the conjugate of { in the sense of
Young. Then for every ® € R, it follows that (f; e.’) and (g; SQ) are Sg-con-
jugate one of each other. Moreover, the 82 p-conjugate and the S p-conjugate of

D, 89 )coznczdes with g; & )

Proof. It is a direct consequence of Theorem 4.3, Theorem 5.4 and Lemma 6.2.

Corollary 6.4. Let f € (fc and let g be the conjugate of { in the sense of
Young. Then &(f) and Sg) are Kéthe-dual one of each other. Moreover, g) is
the topological dual and the Kéthe-dual of DUf). Also, 8g) can be embedded,
isomorphbically and topologically, in the topological dual of 3(f).

Proof. It follows immediately from Remark 4.7(c) and Theorem 6.3.

Theorem 6.5. Let f € @c and let g be the conjugate of [ in the sense of
Young. The following statements are equivalent:

(@) D) is reflexive,

(b) /) is reflexive,

() L) is reflexive,

@) Ng) is reflexive,

(e) f and g are mono-generating functions.

Proof. We recall that a Banach space is reflexive if and only if its topological
dual is reflexive. Therefore, if D(f) is reflexive, it follows that L(f) = &(f) and
D) = Xg). Thus, (a) implies (b), (c), (d) and (e). Similarly, (c) implies (a), (b),
(d) and (e). Since /) is the topological dual of L(g), then if d(f) is reflexive
so is T(g); analogously, if S(g) is reflexive so is D(f). On the other hand, since
(e) implies clearly (a), (b), (c), and (d) the proof is completed.

Remark 6.6. (a) As before, let f(p) be the function in (f , b >1 defined by
/( (&) =£P, £>0. The conjugate of /( y in the sense of Young is the function
/(q)/(l +9p97Y), 1/p + 1/q = 1. Thus, Theorem 6.3 is the natural generalization
of Theorem 4.5.

(b) Let f, f, € @ o» and let g, g, be the conjugate functions in the sense
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of Young of f,, f, respectively. It follows thatf, < f, if and only if g, < g,
and hence f, ~ [, if and only if g, ~ g,. In view of this obser-

vation, to determine the Kéthe-dual of S(/), fe @ o it suffices to find the
conjugate in the sense of Young of a function in @ equivalent to f. We illustrate
this remark with an interesting example. Let b be the function in @ of Remark
5.7 (i.e., b satisfies b(£) = e-l/g 0<£€<1/2). Also let b 1 <; <4, be
functions in (f sausfymg b (&) = €b(E), b (&) = ff b(0)d0 by(€) =

-l é& b (f) fo b,(0)d6, 0 < §< 1/2. It is easy to check that b~ b, and
[10, Theorem 3.4] h,~b,. Since b = b and the inverse of b is eqmvalent to
b4, the conjugate of b in the sense of Young is equivalent to ‘b 4+ Using again
(10, Theorem 3.4] we conclude that the Kéthe-dual of 8(b) is S(b 5)» where

by € @_ satisfies b(£) =-¢/In €, 0<&<1/2.

(c) In parts (a) and (b) one of the conjugate functions considered is mono-
generating. With the following example we show that this might not happen in
general. Let )t" =1/n!,n=1,2,+--, and let ' € ( such that limg ., fi(€) =
and f'(¢) = A A <§<A yn=1, 2 ««+. Then the right inverse g’ of /'
satisfies: g’ A (‘f and g'(§) = A nt1? N +1 <é<A,n=1,2,.... Let f, g € @
such that f(§) = [ ¢ 1'©)do, g(f )=[o & '(6)d0. It follows that f and g are con-
jugate in the sense of Young and neither f nor g is a mono-generating function.

In fact,

A, , A 27, 2, ,
Q) =n o '@d8<n ["Ado= ) - fx” A 0= L " ['(0)do
n

22
S rOd-rar),  n=2,30e.

A similar calculation shows that (n + 1)g(A ) <g(2} ), n =1, 2, -++. Therefore
[ and g are not mono-generating functions, as asserted.

7. Some problems on joins and intersections of ideals. In this section we
study the following questions.

(@) Let ® € N such that 5¢g€ and let 3k’ k=1,2, .-+, be a countable
family of ideals strictly larger than 54,. Does n2°=l g & Properly contain 5¢?

(B) Let @ € N and let 9 =1,2, ..+, be a countable family of ideals
propetly contained in 5‘,. Is the join V5. k=1 k strictly included in 807

Clearly, problems (@) and (B) can be split into the following ones.

(a,) Let ® € N such that S Ce and let ﬂk. =1,2, ¢+, be adecreasing
countable family of ideals such that S &4 p k=1,2,.... Is it true that

Sve Nz, 8,

(0- ) Let ® € M such that 5 ¢ C and let 4,  be two ideals such that

e TR , 5¢ & J. Does it follow that SeGIng?
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(B,) Let ® € N and let gk, k=1,2, ..., be an increasing countable family
of ideals such that 9 G 5.2, =1,2, ... Is it true that Uk k o 53?

(B,)) Let ® e N and let 4, § be two ideals such that § & 50, 4 & 8. Does
it follow that § V § & 832

Problems (a,) and (/32) in the case 84 =83 = "p p > 1, have negative
answers (see [7, Remark 4.5]). Problem (B) for the case 5 = € was posed in
[1, $6]. In the present section we solve problem (a ) in the negative and problem
(B,) in the affirmative. Also, we give partial answers to questions (a,) and (B,).

In what follows, for the sake of brevity, we shall simply write € in place of
A@). The set of all nondecreasing sequences of nonnegative real numbers tending
to o will be denoted by I', and the elements of I" by b, ¢, d, etc.

To begin with let us establish the following criterion which is a generalization
of a result given in [10, $4].

Theorem 7.1. Let f € @, and let ® € N such that 5 c C. . Then

() x € 3f; © ) if and only if there exists c € T’ sucb “that [ o(cx) € &3,

(b) for y € ?, we bave y ¢ O(f; 6,) if and only if there exists t € € such
that [ o(ty) ¢ G,.

Proof. (a) Let x € 3(f; 63). Then, by deleting the first few terms of the
sequence ,x, we can assume, without loss of generality, that ¥(fox) < 1. We
define the sequence {m_} of positive integers as follows: let m, be the first
positive integer such that ®[r_ (/ © 2x)] < 1/2. Having defined m jo izl le
M be the first positive mteger such that m, j+1>m; , and Q[Tm ﬂ(/ G+2m)]<
1/2"”. Now let ¢ € I" givenby ¢ =1, l<n <’”1’ seeyc, -1+ L,m+1<
n<m. . Weassertthat fo(cx) € G.. In fact, let €> 0 be given and let j be
sufficiently large so that 1/ 2i<e 2, then

ol (/ olex))] = hm <I>[0 (f [/ (eI < lim Z‘D[a G [foGi+1)xD]
i+1 ™

b—soo j=j it

b
1 1
P e R

Thus, folcx) € 6 ’, as asserted. Since the reverse implication of part (a) can be
easily seen to be valid not only for (‘3% but also for every characteristic set, the proof
of part (a) is finished.

(b) Let y € 8. If there exists t € € such that fo(ty) ¢ © , it readily
follows that y ¢ G(f; €4). Conversely, assume that y ¢ O(f; 6’). Let us define
the sequence {b,} of positive integers as follows: b, is the first positive integer
such that (D[ob (/ oy)] > 1; having defined 5, p izl let h;4 be the first posi-
tive integer such that by) > b, (D(ab [r (/ °oy/i+D>j+1. Now,lette €
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be givenby ¢, =1, 1<n<h 05t _l/(]+l),b +1<n<h,y . Ve claim
that fo(ty) ¢ €4, In fact,

lim ®(o,[f o (ty)]) = lim Do, .“[/ o (ty)])
i

k—s00 j—s00

> lim ®lo, [r, (foy/G+ 1D > lim G+ 1) = e
j—oo it 7§ j—soo
Therefore, f o (ty) ¢ GQ and our claim is proved.

As observed in [10, Remark 4.5, if f, g € ({ and qis any ideal of £, then
Ve N=8Nne D, DY v P =29 nDe; 9, A Ag; P =89
V&g; §). The remaining lattice property for the ideals of the form L(f; §) is not
known to be true in general, « In [10, Theorem 4.7] it is shown that that property
holds for § = C 1+ By employing an argument identical to the one used in the proof
of [10, Theorem 4.8], together with Lemma 7.1 (a) the following generalization can
be obtained.

Theorem 7.2. Let f, g € @ and let § be a minimal norm ideal. Then
Dene =249 VI 9.

In the next theorem we give a partial answer to problem (ﬂz) for the case

s3-€.

Theorem 7.3. Let f € @, let 3 be a norm ideal such that f; 9 G € and
let § be another ideal of £ such that § G C. . Then JV ;9 & C.

Proof. Since f; 9) & C, it follows [10, Theorem 2.22] that § G C. . Then
(Theorems 2.1 and 2.3) there exists ¥ € U such that § < 5 &C. Thus, it
suffices to prove that § V f; 8 ) GC. Let w € € such that w ¢ A9). Since
S &C lim, _,, Yo, @) = (as usual 2, =1, n=1,2,.. +). And hence for each

=1,2, .. there exists a positive integer k_such that Yo (u)] >m/fw,/m).
Let z be the sequence defined by z =w,, 1 <n <k LTE _w . 2:’1 i
<n< 2’ n 1 k; Since z € €, the proof of the theorem wrll be completed after
showmg that z ¢ AV 6(f; €. Suppose that z € A(J) V&(f; 6). Then there
must exist x € A(), y € 6(f; ©) suchthat z=x \Vy. If for some j, the element
w; does not appear in the sequence x, it has to appear k,. times in y. If all but
a finite number of terms of the sequence w appeared in x it would follow that
w € N9, contradicting the definition of the sequence w. Thus, there must exist
a subsequence of w whose elements w . appear in y together with all its k_
repetrtrons. Let z' be the subsequence of z defined by z =w,,1<n<k, ', ceey
z =w,. l+2 1k, <n<2’+llz nge Alsolet te€ € grvenby t —1/ﬂ1,1<
n <n1, ...,t = l/n g l+2 <n <E’” k. Since z' is a subsequence
of y, it follows that z' € G([, v) On the other hand
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lim ‘I'[am(/ otz')]> lim f (wn / n].)‘l’[on (@]> lim n, =oo
m—oo j—oo ] ] j—o0

and therefore [ o(tz") ¢ G’. Since z' € €(f; 61,) we get a contradiction using
Theorem 7.1(b).

Theorem 7.4. Let ® € N and let Qk, k=1,2,..., be an increasing count-
able family of ideals of £ such that gk o 52, k=1,2 +... Then U;:;l gk G 82,

Proof. Foreach k=1,2, .-, let x*) be a sequence in Sg such that
x®) ¢ A(gk), ®M)<1 and xf'i) Sxf."), for j <k, and n =1, 2, .-+ (the exis-
tence of the sequences x(k ), k=1,2, -+, is guaranteed by the fact that the
family gk’ k=1,2, ..., is increasing). Foreach n=1, 2, ... we define the
positive integers k, and b, as follows: let k; be the first positive integer such
that @lr, (x*)]<1/2, and let b, be the first positive integer such that b, > &,
and x{B < x{1), |, +ee, k41 be the first positive integer such that k, 4125,
and (ﬂrkm +l(:c'(""""’ N <1/2™*) and let b, 4, be the first positive integer such
that b,y > kpyay a0d 2570 <MD, Now let x be the sequence in & defined by

x"=x$‘1), 1<n<ky; if b >k, +1, then xn=x£ll)+l, ki+1<n<b; xn=xf,2),

by<n<ky if by>k,+1, then x, =x£22)+1, ky+1<n<bh,; etc. Ve see that,
except for the first few terms, x majorizes the sequence x® k=12 ....
Therefore x ¢ U 3=, AY ). In order to complete the proof of the theorem it re-
mains to show that x € 60. Let ¢ be an arbitrary positive number and let j be

a positive integer such that 1/2 <e. Then
00 00 00
o, M<Y 0o, [, OD<T o [, W<y L <e
k= g ki k= ,Z=; Biv Ds g 2i+1
Thus, x € Gg as desired.

Theorem 7.5. Let f, € ® n=1,2, ..., and let Hn, n=1,2,+.0,bea
countable family of norm ideals such that ﬂn GCn=1,2, ... Then

V:=1 S(In; 3") ; e'

Proof. Let ﬂk = V:=1 -S(/"; 3"). From Theorem 7.3 and [10, Theorem 2.22]
it follows that 4k & (:‘, k=1,2, ... Now the statement follows from Theorem 7.4.

Corollary 7.6. Let § w k=1,2,---, be a countable family of norm ideals
such that ﬂk GC k=1,2,.... Then V:‘;l Sk cC

The following results provide partial answers to problem (a,).

Theorem 7.7. Let ® € N such that S4C C and for each k=1,2, .-+ let
f, € @ and ®, € N such that S4 % Nf,; 8,). If the family s, 52,‘) is
decreasing, then Sy, S ﬂ;;l ) 1 X S%k).
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Proof. Foreach k=1,2, .. let ¥ € @(fk; G&k) such that z® ¢ G..
From Theorem 7.1(a), for each k=1, 2, -«+, there exists c® € ' such that
fi o (R (R ¢ GO,k. Since the family N/ 5 6°.k), k=1,2,..., is decreasing,
by deleting the first few terms of the sequences BB k1,2, ... , if neces-
sary, we can assume without loss of generality that (D’[/’. o (ctk)z (k)] <1/2%,
1<j<k k=1,2,.... Foreach n=1, 2, .- we define the positive integers
k, and b as follows: k; = 1; let b, be a positive integer such that (I’[ab (=]

> 1; let k, be the first positive integer such that k, > b, +1, z(?)

k2+
C%)ﬂ > c;ll)ﬂ; and let b, be a positive integer such that ®(o bz[rlzz(z(Z))]) >2

1
ISzglﬂ and

*++; having defined k_, b _, m>2, let k_,, be the first positive integer such

(m+1) (m) (m+1) (m) .
that k., >k +b ,z k41 +1 < g th and Clpt1#1 2 Cho +h 3 and let

b, 4, be a positive integer such that ¢(obm+l[rkmﬂ(z('"ﬂ))]) >m+ 1. Now let

z € € and let ¢ € T be the sequences given by z, = zy), €= c(’}), 1<n<h;;

= (2) =2 Jeve s
Zp= zn*kz-bl’ €n Cntky=by’ bl +1<ng bl + bZ’ ?

m m+l
z =2z m .? Cn=¢€ m 0 1+2b,-5"52b,'°
nik, 1=2i1b; nik, 1= 2j=1b; i=1 j=1

By definition z ¢ ©; in fact
lim ®lo,(2)]= lim ®lo ()] lim oo, Ir, ™)) lim m=oc
k—o00 m—00 i=17j m—00 m “m m
Finally we show that f, (cz) € ©3, k=1,2,.--. To this end let i be an arbi-
trary positive integer and let ¢ > 0 be given. Choose j sufficiently large so that
i i, 1/27 <¢/2. It follows that

— 00

0, Uyo e < 'f;, ®fo, &, [/;0mxtmy)]

- <] 00
<Y Off, 0™ T 1/2m <
m=j m=j
Since c € T, it follows from Theortem 7.1(a) that z € ﬂ‘;:,l Ny 5 Gook) and the
proof of the theorem is complete.

Corollary 7.8. Let ® € N, 5‘, CC andlet ﬂk’ k=1,2,..., beadecreas-

ing countable family of norm ideals such that 5"; 9 p k=1,2,.cc. Then
S&ENT., 4,

Proof. Let P, € N such that 8% is the minimal norm ideal corresponding
0o, k=1,2,.... Since § &, k=1,2, .., and the family J,, k=1, 2,
++, is decreasing we deduce, from Theorem 2.3 and Corollary 2.4, that

50 G Sgk and Sg‘kﬂ gsgb, k=1,2,.... Now the corollary follows from Theorem 7.7,
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Corollary 7.9. Let f,, k=1,2, -, be a family of convex admissible functions
such that f, o 1y k=1,2,---, andlet 8y k=1,2,--+, bea family of concave
admissible functions such that g, # fay k=1,2,.... Tben Vk*l S(gk, e ) o
(‘f < n fD(/k, e ), for every p > 1.

Proof. It can be easily checked that if f are convex admissible functions and

g; are concave admissible functions, such that [ % /(1) and 8;* /(1): i=L 2,
then fl V fy# fi1y and gy A gy % [y Therefore from [10, Thcorem 2.12]

y Ste ep>=5( A ep> ceg 9(.\/ /; ep) 09 €,).
Thus, without loss of generality, we can assume that S(gk, e ), =1,2,..0, is
an increasing family such that S(gk, e ) o (2 k=1,2,..., and that
9(/k, e ), k=1,2,..., isa decreasmg famrly such that @ o 53(/,0, e ), k=
» 2, +++. Now the corollary is a consequence of Theorem 7.4 and Theorem 7.7.

The above corollary solves, in the case of the p-Schatten ideals, a question
raised in [10, §4].

The following theorem is the counterpart of Corollary 7.6.

Theorem 7.10. Let Sk , k=1,2, ..+, be a countable family of norm ideals
which strictly contain the trace class el . Tben (‘3 ¢ N k=1 ﬂ

Proof. Foreach k=1,2,..., let ®, € JU such that So is the minimal norm
ideal corresponding to 5 Since G & 5. , k=1,2,..., it follows from Theorem
2.3 thae €, G 8 o k= l 2,000 Thus it suffrces to prove that ¢, & nk'l
To this end we first prove that if ®, ¥ € J such that €, & § and C, &3y
then e o= 50 N 82. We recall (Remark 4. 7(d)) that 80 05 = Sov.p Also, from
Remark 2.5 it follows that inf, &~ 1‘I>[ak(u)] = inf, &~ 1‘]’[0 ()] = 0, where u, =1,
n=1,2,.... We observe that if j<k, then j 1(I>[cr ()] > &~ l(I>[¢7 ()] and
similarly j~!¥[o (u)] >k” ly[, (u)] Therefore, we deducc that lrm,c oo '143[0 ()]
=lim,_ k 'I‘I’[ak(u)] 0 and hence hmk I (AY ¥)lo, ()] = 0. Again, from
Remark 2.5 we conclude that G G SOW’ 5 n§? , as desned Now we define
the sequence {¥,} in N by ¥ - supls’skd’] k=1,2,.... We see that S"k’
k=1,2,0.., 'is a decreasing family of minimal norm ideals which are strictly
larger than G,, and hence, from Corollary 7.8, we conclude that &=l So’k -

Iz*l ‘* = @,.

Our fmal task in the present paper is devoted to solving problem (a,) stated
above. The following theorem implies in particular that problem (a ) has a
negative answer.

Theorem 7.11. Let § be a norm ideal strictly smaller than C. Then there
exist two ideals 31 and 32 such that § & ﬂi' j=1,2, and 5-ﬂl nﬂz.
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Proof. Let ® € N such that 8§ cdc C 8. We shall prove that there exist two
sequences x and y in & such that x /\y € 60 Assuming that this fact has
already been proved we let T and S in £ such that s(T) = x and s(S) =y. It
follows that the principal ideals (T) and (S) are not contained in § but (T) N (S)
c 9. . Therefore letting § . =4 V(T) and 32 =9V (S) we conclude that J 1N g. ) =4
but & ﬂ ., j=1, 2. Thus, in order to complete the proof of the theorem it
suffices to find the sequences x and y in € with the properties mentioned above.
Let z € 6} such that z #0,n=1,2,.... Employing the fact that
lim,  ®lo, ()] =~ (because 5’ & @), we construct by induction a sequence
{k} of positive integers as follows: let k; be the first positive integer such that
(I>[o @] > 1/z; let k2 be the first positive integer such that k, >k, and

°’k % W> 2/zkl' ; let &, be the first positive integer such that & ,; >k and
Th 1=k ()] > (n + l)/z . Now we define the sequence x and y in & in the

followmg way:

n 1 1 -
x"=zk2, yn=zn, k2+15ﬂ5k3,
Xp =%y yn=zk3, k3+15n§k4;--~.

It readily follows that x A y = z and

lim ®lo, ()] = lim ®lo, (2 lim z, @lo, W]=w
2n 2n

k—o00 n— 00 2n n—00
and
lim @l ()= lim ®lo,  ()]> lim z, 0o, (@]=eo
f—00 71—00 2n+l1 n—oo  2M+1 2n+1

Therefore, x Ay € 62, but x ¢ Gy, y ¢ Gy and our claim is established.
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