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SYMMETRIC NORM IDEALS AND RELATIVE CONJUGATE IDEALS

BY

NORBERTO SALINAS^)

ABSTRACT. In this paper some aspects of the algebraic structure of the ring

of all bounded linear operators on an infinite dimensional separable complex

Hilbert space are discussed. In particular, a comparison criterion for maximal

and minimal norm ideals is established. Also, a general notion of the conjugate

of an ideal relative to another ideal is studied and some questions concerning

joins and intersections of ideals are solved.

1. Introduction. Throughout this paper £ will denote the ring of all (bounded

linear) operators on a fixed separable infinite dimensional complex Hilbert space.

The term ideal of £ will mean a two sided ideal of the ring £. The maximal

ideal of £, i.e. the set of all compact operators, will be denoted by      and 3"

will denote the set of all finite rank operators, which is the minimal ideal of £.

In the present paper we investigate the notion of the conjugate ideal of an

ideal relative to another ideal. For a given ideal K of £, the conjugate ideal of

an ideal 5 of £ relative to K, or simply the K-conjugate ideal of     is the set

of all operators T in £ such that TS e K, for every S e     The K-conjugate of

5 can also be characterized as the largest of those ideals i such that    C K

(§3). If K is the trace class (2,, the K-conjugate of an ideal 5 coincides with

the Kdthe-dual of 5 \A, §5]. Furthermore, if 5 is a minimal norm ideal, then the

Cj-conjugate of $ is the topological dual of $ [12, Chapter 5].

Our main purpose in this note is to present some of the facts of the theory of

conjugate ideals in a more transparent and elementary fashion via the above more

general and algebraic definition of conjugate of an ideal. For instance, if K is a

proper ideal we shall see (§ 3) that with our definition of K-conjugate it is very

simple to prove that if there exists a self K-conjugate ideal, then it must coincide

with the square root of K (where K^ is defined in the natural way [11, §2]).

On the other hand, some of our results also lead to new theorems of the stand-

ard theory. In § 4 we discuss the case in which K is a symmetric norm ideal, and

to this end we establish a comparison criterion for maximal and minimal norm
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ideals in §2. We show (§4) that if p > 1, q > 1, 1/p + 1/q = 1, and K is a maximal

norm ideal, then X1^ and K1^9 ate K-conjugates one of another, and a Hö'lder

type inequality holds for a pair of operators S eXl/^, T € X1^*. In particular

• Even for the classical case (X = Cj) this result explains the

rather mysterious relation l/p + 1/q = I that the numbers p and q must satisfy.

Following [l] a nonnegative convex function / defined on the nonnegative

line will be called admissible whenever /tf) > 0 if and only if f > 0. In §5 we

introduce the ideals S(/; X) and 5D(/; K) as in [10], where K is an ideal of £ and

/ is an admissible function. These ideals may be defined as follows:

for some a > Oj,

D(/; X) = {T e£: /(av/pT) e X. for all a> 0}.

We prove that if X is a maximal norm ideal and / is a convex admissible function,

then S(/;X) is a maximal norm ideal and we show that the corresponding minimal

norm ideal is given by 5D(/; X°), where X° is the minimal norm ideal correspond-

ing to X. §6 is devoted to proving that if / and g are convex admissible func-

tions conjugate in the sense of Young, then §(/; X) and S(g; X) are X-conjugates

one of another, where X is a maximal norm ideal. Furthermore, it is shown that

S(g; X) is the X-conjugate and the X°-conjugate of 3)(/; X°). If X = Cj then the

ideals       X) and 3)(/; X) become the ideals S(/) and 5D(/) defined in [l]. Thus,

the above results imply, in particular, that S(/) is a maximal norm ideal and 25(/)

is the corresponding minimal norm ideal. Also, if g is the conjugate of / in the

sense of Young, then S(/) and S(g) are Ko'the-duals one of each other, and S(g)

is the Köthe and topological dual of 2)(/). Finally, in §7 we make some remarks

concerning joins and intersections of ideals. As a by-product of this discussion,

we prove that the join of a countable family of norm ideals properly contained in

C is strictly smaller than C This result answers, in the negative, for the case

of norm ideals, a question raised in [l, §6]. Also, we prove that the union of an

increasing countable family of ideals strictly contained in C is properly contained

in C, reducing the above mentioned problem of [l] to the question of whether or

not C can be expressed as the join of two strictly smaller ideals.

2. Maximal and minimal norm ideals. We begin our considerations by review-

ing some known results from the theory of ideals of £ [5, Chapter 3].

One of the basic facts we shall repeatedly use in the sequel is a theorem of

Calkin [2, § l] which establishes a lattice isomorphism between the set of ideals

of £ and the set of characteristic sets (see also [4]). In order to state this re-

sult we need to introduce some notation.

Let Q be the set of all nonincreasing sequences of nonnegative real numbers.

In what follows, the elements of Q will be denoted by x, y, z, etc. and the terms
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of the sequence x by xß, « = 1, 2, • • •. Given x, y e Q and a nonnegative real

number a we denote by x + y and xy the elementwise sum and product of the

sequences x and y, and by 0.x the sequence whose terms are ara.

A characteristic set 9 is a subset of Q that has the following properties:

(I) If x e 9, then the sequence |xj, Xj, x2< x2, x}, x?, • • • ] is in 9.

(II) If x, y e 3, then x + y e 9.

(Ill) If x e 9, y e C, and yn < xn, «=1,2,..., then y e 9.

Following the standard notation we shall denote by s(T) the sequence of

singular numbers (also called approximating numbers) of the operator T € £. If

3   denotes the set of all operators of rank at most «, then

s(T)=   inf    ||T-X||,     « = 1,2,....

n-l

If T is a compact operator, then s(T) is the sequence of eigenvalues of the oper-

ator counted according to multiplicity and arranged in decreasing order

of magnitude.

The above mentioned Calkin's theorem states that if 5 is an ideal of £, then

the set AQj) of all sequences of the form s{T), T € $ ls a characteristic set and

the correspondence 5 *~* A(5) is a lattice isomorphism. Thus, A(C) is the set of

all sequences in C tending to zero and A(3) is the set of all sequences in C

having only finitely many terms different from zero. Since the characteristic set

A(3) will be frequently used throughout this paper we shall write % in place of

A(3"). If Cp denotes the p-Schatten norm ideals, p > I [12], then we also have

A(C ) = jxe.Q: 2," xp<oo}.
p n~i n

Following [12] we shall say that an ideal 5 of £ is a norm ideal if there

exists a norm || • ||^ on 5 satisfying the following conditions:

(a) (5, || ■ || j) is a Banach space.

(b) \\STR\\3 < \\S\\ \\R\\ \\T\\}, for every R, S e £, T e $.

(c) ||T|| j = ||T||, for every operator T of rank one.

Let 3* denote the directed set of all finite rank (orthogonal) projections in £.

It can be easily proved that if T € 5, then !||PT||^, P € 5*1 is an increasing net

of nonnegative real numbers directed by the set 3>. If Qj, || • ||^) is a norm ideal,

and, in addition to (a), (b) and (c), II * II^ satisfies:

(d) limpe , ||PT||3 = ||T||r for every T € g,

then (5, ||-||3) is called a symmetric norm ideal [9, §7]. If ($, || • ||^) is a norm

ideal, then the closure of 3" in the topology of 5 is the smallest norm ideal with

norm || • ||^. Following [12] we shall say that (5, || • ||<j) is a minimal norm ideal

whenever 5 coincides with the closure of 3" in the topology of 5- shall see

below that minimal norm ideals are symmetric norm ideals.

If (5> II ' It*) is a n°rm ideal and T 6 <J, it readily follows that ||T|L depends
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only on the sequence of singular numbers of T. Let $ be the nonnegative function

defined on $ by the identity

•btiOl-lTlg, reg.

Then 0 satisfies the following properties, for every x, y £ %.

(i) If xx > 0, 0(x) > 0.

(ii) $(x + y) < O(x) + $(y).

(iii) <D(ax) = aO(x), for every a> 0.

(iv) If um {1, 0, 0,... I, then <DW = 1.

(v) If 2*=1 xn < S*=1 yn, A = 1, 2, • • •, then <&(x) < <D(y).

A nonnegative function O on § that satisfies the properties (i) — (v) will be called

a symmetric norming function, and the set of these functions will be denoted by Jl.

It follows directly from (v) that if $ e Jl, then $ is a nondecreasing function, that

is 3>(x) < O(y), whenever xr < yn, n = 1, 2, • • •. Therefore, if o-^(x) denotes the

kth section of the sequence x e Q (i.e. o-^x) = jxj, x2, • • •, xfc, 0, 0, •«•}), then

i^to^x)]} constitutes a nondecreasing sequence of nonnegative real numbers, for

each fixed x e C. It follows that the set

S#= fxeQ: lim fclV^x)]< «.}

is a characteristic set and is the natural domain of definition of the function $.

It can be easily checked that     as a function on 6^, satisfies the properties (i)—(v)

described above and

(vi) lim^,,,, ®[ak{x)] = $(x), for every x e S#.

If rk(x) denotes the kth tail of x e C (i.e. r^(x) = {xj     x2 +t» • • • i)» then the set

<5° = (xeS#: lim fc^Wl = o}
V jfe-.00 '

is a characteristic set which is intimately related to the function $.

With the following theorem, we complete the review of the known results we

shall need concerning symmetric norm ideals. Its proof is essentially contained

in [5, Chapter 3].

Theorem 2.1. Let Qj> || • ||<j) be a norm ideal and let 0 be the symmetric

norming function induced by || • ||^. Furthermore, let S$ be the ideal of £ defined

by A(S#) =       Then we have:

(a) S#= |T e £: limpe, ||PT||ä < »L

(b) S$ is a norm ideal with the norm \\T\\^ = limp gyllPTH^ =

lim^oc (0(o-.[s(T)])> Te S«.

(c) 4 CS# and ||T||#<||T||Jf T e

(d) If S£ is the ideal of £ defined by A(S°) = ^ then      is the minimal

norm ideal corresponding to S.^.
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Remark 2.2. Let (5, || •      be a norm ideal, and let $ be the symmetric norm-

ing function induced by || •       From Theorem 2.1 we conclude that S$ is the

largest of those norm ideals whose minimal norm ideals coincide with S^. In view

of the preceding observation a norm ideal (5, || • \\s) satisfying 5 = {t e £:

limpe j, ||PT||,j < ool will be called maximal norm ideal. It follows from Theorem

2.1 that a norm ideal is a maximal (minimal, resp.) norm ideal if and only if it is of

the form S$ (§^, resp.), for some 0 6 Jl. In the following theorem we establish a

comparison test for symmetric norming functions which can also be used to com-

pare maximal and minimal norm ideals.

Theorem 2.3. Let 0, V e Jl. Then the following conditions are equivalent:

(a) §«. C

(b) 8Jc~S°.
(c) S£cS#.
(d) There exists y > 0 such that 0(x) < y^(x), for every x e g.

Proof. It is clear that (a) =»(c), (b) =» (c), (d) -»(a), (d) =»(b) and (d) «(e).

Since symmetric norming functions are monotone we see that for every Te S#,

||r|| = sÄT) = Sl(ryp({i, o, o,... j) = q>(UAt), o, o,..• j) < <D[s(T)] = ||T||#.

Similarly, ||T|| < \\t\\^, for every t e S°. Therefore, the canonical inclusion maps

from §t into £ and from      into £ are continuous. From the closed graph theorem

it follows that the canonical inclusion map from      into S# is also continuous,

whence, there exists y> 0 such that ||T||+ <y||T||^, for every t e S^. Now, for

every x e g we choose T 6 f such that x = s(t). We deduce that <Rx) = <Hs(t)] =

M# < y\\T\\t = yVkiT)] = yVU) and part (d) follows.

Corollary 2.4. Let     W be in Jl. 7/ S# = S£, then S# = S° a»a" ̂  . S°.

In particular S# C £ «'/ a«a" o«/y «'/ S# £ C

Remark 2.5. In view of Theorem 2.3 it is natural to define the following order

relation and equivalence relation on Jl: If 0, W e Jl, then 0 ■« W if and only if any

of the statements of Theorem 2.3 holds; also, $   W if and only if 1* and

W •«     For each p > 1, let $p e Jl be defined by QAx) = (S~=1 xty1'*, x e g,

and let      e Jl be given by = sup x - Xj, x e g. It follows that for

every 0 e Jl, and every x e g we have ^(x) < $(x) < Oj(x). For this reason,

$j and 0^ are called the maximal and minimal norming functions, respectively.

In [5, Chapter III, §3] it is shown that 0 ^ 0^ if and only if sup^ 0>[oAu)] < ~,

and       Oj if and only if inffc k'1 <S>[oAu)] > 0, where u denotes the constant

sequence   u = 1, n = 1, 2, • • •. Observe that S$   = £, S°   = (£, and
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= S0^ — Cj. A function $ € )T is said to be mono-normalizing whenever S$ =

SI. From Corollary 2.4 it follows that if $ is a mono-normalizing function and

f ^ 4>, then W enjoys the same property. Let us denote by 0 the equivalence

class of      From Theorem 2.3 we conclude that the mappings $ ~~* o$, and

$ from the set of equivalence classes of Jl to the set of maximal norm

ideals and the set of minimal norm ideals, respectively, are bijective and order

reversing.   Moreover, it follows from Corollary 2.4 that they only coincide in the

set of equivalence classes of-mono-normalizing functions. In Remark 4.7(d) we

shall show that the set of maximal norm ideals and the set of minimal norm ideals

are lattices as well as the set of equivalence classes of Jl, and we shall see that

the mappings mentioned above also preserve the corresponding lattice structures.

Theorem 2.6. An ideal of £ is a symmetric norm ideal if and only if it is a

closed subspace of a maximal norm ideal. In particular maximal and minimal norm

ideals are symmetric norm ideals.

Proof. Let ($i || • ||<«) be a symmetric norm ideal, and let 0 be the symmetric

norming function induced by || • ||<j. From Theorem 2.1, $ C S#. Since Qj, || •

is a symmetric norm ideal, for every T e <J, we have \\T\\g = limpey ||i°T||^«■ \\T\\^.

Thus, from the fact that $ is a Banach space, we conclude that $ is a closed sub-

space of S^. Conversely, suppose there exists * e Jl such that the ideal 5 of £

is a closed subspace of       Then ($, || • ||#) is clearly a norm ideal. Moreover, since

limpe j,||PT||# = ||T||#, for every T e     we conclude that Qj, || • ||#) is a symmetric

norm ideal.

Remark 2.7. Let p > 1, <D e Jt. We define ®(p) on g by $(p){x) = Wxp)]l/P,

where xP denotes the sequence whose terms are xp. It can be easily checked that

. e Jl, for every p > 1. Also, it readily follows that S#   = \x € C: xp € <5J,

Qt(p) = \xeü:xp e%}.

Following [II, §2] for each ideal 5 of £, and each p > 0 we shall denote by

$1/p the ideal defined by Atf1^) = [M$)]1/p = \x e Q: xp e A(0)|. Thus, S* -

Theorem 2.8. Ler $e)I such that S#C C . Then, for every p>l, S# S

Proof. Let p > 1. It is obvious that S# C {^)1/p and S£ C (S°)I/p. On the

other hand, since S#C C, it follows that 0 5&        and hence lim^^ ^[o^iu)] - oo

(«n =1, n = 1, 2, •««). Therefore

sup[*U)/*( ,(«)]> sup^MV^^U)]) = supWo^a)])1-1'* = oo.

We conclude that (S4)1/p ^ S#, (S°)1/p ^ S4, and our assertion follows.
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Theorem 2.9. Let 5 be an ideal of £ such that 5 £ t. // 5 = 5*.

fAere (foes not exist 0 e Jl saci t&ar S° C 5 C S#. /» particular, 5 cannot be a

normed ideal.

Proof. Suppose there does exist $ e 31 such that     C 5 C      - Therefore,

(§0)1/2 c ^ 1/2 c (8^1/2. Since 4 = $\ it follows that 5 = $1/2 and hence

S*(2)" (S»)1/2 "$ £ V From ̂ orem 2.3 we conclude that (S°)1/2 C S°.

Since we always have S°C (S°)1/2 we deduce that SJ= (S°)1/2 C^2 which con-

tradicts Theorem 2.8.

Remark 2.10. As a by-product of the above theorem we obtain the following

conclusion: U„„i       is not a norm ideal.

3. The K-conjugate ideal of an ideal. Given two ideals t and 5 of £, the

product 35 of 3 and 5 is the linear span of the set {TS: T e i, S e 5i- The

following theorem can be proved with arguments similar to those used in the proof

of [11, Theorem 2.1].

Theorem 3.1. Let $ and 5 be two ideals of £. Then the characteristic set

of the ideal j$ is related to the characteristic sets of $ and 5 in the following

natural way:

A(j$) = A(0)A(5) = \xy: x e A(3), y e AQJ)}.

Remark 3.2. (a) For every pair of ideals i, $ of £, we have 05 = $J.

(b) If i is an ideal of £ and A is a positive integer then A(!l*) = [A(iJ)]* =

|x*: x e A(i)\ (cf. Remark 2.7).

Definition 3.3. Let K be an ideal of £. For each ideal i we define the

K-conjugate of i as the ideal

0X<K> =1 re£:STeK, for every S ell.

Remark 3.4. We list below some elementary properties of the K-conjugate of

an ideal S,

(a) 0X(K> = {T e £: TS e K, for every S e 3}.

(b) Wx <K» = 0X(K))3 C K (as we shall see later this inclusion might be

proper).

(c) A(4X00) = \x e C: xy e A(K) for every y e Mi)}.

(d) 3X(K) is the largest of those ideals 5 such that i$ C K.

(e) A(3X(K)) is the largest of those characteristic sets 9 such that A(3)S

C A(K).

(f) i C 1>«<K>.
(g) If jcj. then5X<K)cäx(K).

(h) 5XXX'(K)= 3X(K>.
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(i) Kc3x<K>, and £x<JO=K.

(j) An ideal K is called prime if for every ideal 5 such that 5 0K, we have

furthermore it follows that K is prime if and only if 3X00 = K for

every ideal 3 containing K.

Theorem 3.5. Let K be an ideal of £ and let 5 = K1/2. Then 5XX<K>= 5

and 5 C 5X00. On i&e oiAer 6an<i, if there exists a self K-conjugate ideal, then

it must coincide with

Proof. Since f = K it follows from Remark 3.4(d) that 5 C $*(K). Then

from Remark 3.4(g) 5XX(K) C 5X<K). Therefore, using Remark 3.4(b) and (f) we

have K = 55 C 5(5XX<K» C 5(5X<K» C K, and hence 5(5XX<K)) = K. Since
K = (5XX(K)) 5 C (5xx<K))(5xx(K» C (5XX(K»(5X<K)) C K, we conclude that

(5XX(K))2 = K and hence 5XX^)= 5> proving the first assertion. Now, if there

exists 3 such that 3 = 3X<K), it follows that 3 C 5 because 32 = 3(3X(K>) C

K = 52. Also, since 5 C 5X(K) and 5X<K>C 3X<K> = 3 C 5 we conclude that

3=5- The proof of the theorem is completed.

In §4 we shall see that if $ e 3l, then (S#)1/'2 is the self S#-conjugate, and

if $ is not mono-normalizing, there does not exist any self S^-conjugate ideal.

Theorem 3.6. Let 3 and 5 be two ideals of £ As usual, let 3 V5 denote

the smallest ideal containing both 3 and 5- Then we have (3 V Si^OO =

3*<K>n 5*<J0. 0« the other hand 3XCK> V 5X<K>£ (3 O 5)x K :

Proof. From Remark 3.4(g) it is clear that (3 V 5)X<K>C 3X(K>C (3 n 5)X0O,
(3 V 5)X(K> C 5X<K> C (3 D 5)X(K), and hence 3X<K> V 5X<K> c (3 n 5)xtf0,
(3 V 5)X^K) C 3X00 n 5X<K>. Thus, in order to complete the proof of the theorem

it remains to prove that 3X(X) n 5X(K> C (3 V5)X<K). To this end let us observe

that A(3 V 5) = \x Vy: x e A(3), y € A^)} = A(3) V A(5), where x V y denotes

the sequence whose terms are %n V yn, n = 1, 2, • • • (cf. [l, Lemma 4.9]). Now

it is immediate that if % is an ideal of £, then A(50CA(ft V A(5)) = M) A(J)]

V [A(90 A(5)], and hence W V 5) = 3C3 V 33. Therefore

(3 V 5)(3X<K) n 5X<K)) = L3(3X<K> n 5X(K»] V 0(3X<K> n 5X(K»]

£!!^<K»]vÖ(^<X»]£K.

From Remark 3.4(d) and the last chain of inclusions our assertion follows.

Theorem 3.7. // CX(K)= K o»* 3 gK.        3X<K) SC.

Proof. Since 3 0K, we see that K ^ £, and hence (^(K) = K implies that

K £ (E. Now let T e 3 such that T 4 K. Since CX<K>= K, there exists S e €

such that TS ̂  K. It follows that T ^ 3X(K> which implies that 3X(K) £ ff.
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Theorem 3.8. Let K be a maximal norm ideal. Then CX<K>=K.

Proof. Let <S> e ft such that K = S#. If S# = £ there is nothing to prove.

Therefore, we may assume that S$ C C From Remark 3.4(c) it suffices to prove

that for every x e C such that x 4 S# there exists y € A((Ü) such that xy ^ 6^.

Thus, suppose x e G and x ff"        Then there exists      such that Otov^W] > 1.

Since the tail r^ (x) ( = jx      ■ X2 +* i' ""' ^ °^ * *s not *n       tnere exists k2

such that $to"fc lrfc (x))] > 22. Continuing in this manner, let &n+1 be chosen so

that 0[o\     (r \x)j] > (n + l)2. Now define y e Q as follows: y - 1, 1< n < h.,
*7i + l*n— » —    — i

yn = 1/2, *1+l<n<*1+*2»yn= *1 + *2 + 1 - " - k\ + k2 + k5' etC*

It is clear that y e A(C) and that

We conclude that xy e' S^, as desired.

Remark 3.9. (a) Let 0 e ft be a non mono-normalizing function. From Theorem

3.8 we have Cx^)= S#. On the other hand, if x e S# and y e A«H) we see

that for each m = 1, 2, •. • we have 4>[r (xy)] < y   $[r (x)] < y  <t>(x), and hence
771     J       —    771 771 — 771

limm-oo<I>[rm(xy)] = 0. Therefore C(CX<§4)) C S° £       Thus, this is an example

in which the inclusion in Remark 3.4(b) is proper.

(b) The inclusion in the second statement of Theorem 3.6 might be proper.

Let 3 and <J be two ideals of £ such that 3 n <J = Clf Cj £ 3 and Cj £ 5

(cf. [10, Remark 4.5]). From Theorem 3.7 3x(Cj) SC, 5X«21> £ (2, and hence

3X<(?1> V SHCjce. However (3 n5)X^1>=£.

4. The K-conjugate of norm ideals. In this section we shall be primarily

concerned with the X-conjugare of maximal and minimal norm ideals, where K is

either a maximal or a minimal norm ideal.

Definition 4.1. Let     V e ft. We define the function "P^ on g by the formula

W*(x) =      sup [*(*>)/¥(>)].

Remark 4.2. It follows that ft, for every $, ¥ e ft. The only property

of symmetric norming functions that      does not obviously satisfy is the fifth one.

This is a consequence of the following fact [8, Lemma 3]. If z € G and x, y e %

such that S™=1 x„ < 2* , y, « - 1. 2. - •, then 2»„ x^ < 2« , y^, « =

1, 2, • • •. The function 1$ will be called the conjugate function of W relative to

or simply the ^-conjugate of      The following different characterizations of

the ^-conjugate of f are easy to verify:

l£(x) =      sup       Mxy) =        sup       $(xy) =        sup $(xy).
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The following theorem is the central result of the present section.

Theorem 4.3. Let $, ¥ be in 31 Then the following statements are valid:

(a) $<V-Six<S#>=S*<S°>-S,..

(b) Let 1 be one of the sets: (I) {X 6 5: ||X||# < l}, (II) iX 6 S°: flX^ < lj,
(III) {X e S#: |X|#<1|.

Then, for every T € $> * we have
**

||r|| , = sup ||rx|| = sup ||xr||. = sup «D[s(r)s(x)].
*♦   Xe* XeJf XeX

(c) (Generalized Hölder inequality). For every S € S^, T € S ^ uie iave

max(||T5||#>||5T||#)<<D[s(sMr)]<||5||+||T||
*♦

(d) If S.C.e and S# gS# (W fcence S° £S£), S^cS   C C.

Proof. We first establish (c). Let S e S — T e S  , then for every & = 1, 2, ...
**

we have

$(o-tk(S)s(T)]) = <D(aib(S)]aJk[s(T)]) < ̂ kCsHW^Mr)])

<<Pb(5OT*[s(r)]=||5L\\T\\* *♦

Therefore $[s(S)s (T)] <     J|T||      Since the first inequal ity in part (a) follows
* **

from Horn's inequality, the proof of part (c) is completed. We also deduce that

§ « C SX(S°). The proof of (a) will be finished after showing that S°X(S#)C S *.
*— Ox _ ~ ♦

To this end let T e §# (S^) and let \P„\ be an increasing sequence in J tending

strongly to the identity operator such that rank P «■ n, n m I, 2, • • • • Next, we

define for k = 1, 2, ... the linear transformation ifr^: —*     by the identity

fkiS) = PJS, S e S£. Then Uk(S\ = <t>[s(PjS)] < <t>{a k[s(TS)]) < $[s(TS)] =

\\TS\\^ and < MIJPj-l^ k = 1, 2, .... Therefore, from the uniform

boundness principle it follows that *

S«P     \\PJ% < y,

for some y > 0, k = 1, 2, •••, and hence

sup, ll™||^<y.

Now let X e     and let T = VQ (where Q = y/T *T and Visa partial isometry

in £) be the polar decomposition of the operator T. It is easy to see that there

exists a positive operator Re? such that RQ = QR, s(R) = s{X) and s(RQ) =

s{R)s(Q). Now let W be an isometry in £ such that WV*V = V whenever T (and

hence Q) is in 5, and let W = V otherwise. Then RQ = RW*WQ = RW*WV*V0. =
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RW*VQ = RW*T. Now let Y = RW*. It follows that $[s(XT)] < $[s(X)s(T)] =

«K[s(R)s(Q)] = <S>[s(RQ)] = <S>[s(YT)]. Since V[s(X)] = W[s{YW)] < <P[s(Y)] we con-

elude that

sup    ||sr||.=    sup *MsMr)].

In a similar way it can be proved that

sup     ||TS||  =       SUp $[5(5)5(7")].

sey.llsIL,*!    * s«ys |aFj|#*i

From the formulas just proved we conclude that

II Tfl    =      sup      $[5(5)5(7)] < y,

and hence T e S „. Therefore S^S^) C § t, as desired. Also, employing

Remark 4.2, the p*oof of (b)(1) follows. Sinei (bXH) and (b)(III) are consequences

of (b)(1), (c) and Remark 4.2, the proof of (b) is completed. Finally part (d) is a

direct consequence of Theorem 3.7.

Corollary 4.4. Let $, ¥ e ft and let $ and K be two ideals of £ such that

Sic i CS., S9cKcS., 3S „CK. Then 4X(K)=S*. In particular, the S-

conjugate of any norm ideal is a maximal norm ideal.

Proof. Since 0S+* C K, it follows that S+* C 3x0O. On the other hand,

4U>cS°?(K>CS0x<S*>=o<V. Therefore 3x<JO =

Theorem 4.5. Let $ 6 Jl, ana" /ci p> 1, q> 1 such that l/p + l/q = 1. Then

(^Up and (S#)1/a are ^-conjugate one of each other.  Also [(S°)1/«']X(S° ) =

(S#)1/€. // $(()) and <f((j) are as in Remark 2.7, tien (<S((j))* = <E>(p).

Proof. From Theorem 4.3 it clearly suffices to prove the last statement. Let

x, y e g xx ^ 0, yj ^ 0 and let x', y' e g such that x'=x/$(pfx), y = y/$(<j)(y).

From a well-known inequality it follows that x'^' < (x^)p/p + (yn')9/a, n = 1, 2, • • •,

and therefore $(x'y') < $[(x'),']/p + $[(y')*]/? < l/p + 1/a = 1. We conclude that

$(xy) < $(p)(x)$(9)(y) and hence ($(,))£(*) < $(<))(*), for every x e g. In order

to prove the reverse inequality, we choose, for a given xeg, x^Oa sequence

y e g such that y = x^-V^^Gc)]"7'. It follows that <E>((?)(y) =

[rJXx^P-D)]!/?/^?)]!/? = i. On the other hand <D(xy) = Ok'VWx*)]1'9 =

$(p)(x). Therefore supy e „.#(9)(y)sl *(xy) = *(<))(x), for every xeg, and the

proof of the theorem is completed.

Corollary 4.6. Lei $ e ft.  TAen (S#)1/2 is the self S^-conjugate ideal.

Moreover, if 0 is not mono-normalizing, then there does not exist any self SJ-

conjugate ideal.
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Remark 4.7. (a) Let 4> e Jl be a non mono-normalizing function. From

Theorem 4.5 we see that [(S°)1/2]*<S >= (S,)1'2 = [(S£)1/2HS°>. Therefore,

and we have found another example in which the inclu-

sion in Remark 3.4(b) is proper.

(b) Let 0, V 6 71. Then a necessary and sufficient condition for the validity

of SXX(S^) = 5^ is that T be equivalent to (2*, for some Q 6 Jl.

(c) From the results of [12, Chapter 5] and [5, Chapter 3] it follows that, if

S$ = 2j, then S^* is the topological dual of S° and the Köthe-dual of S^, and

^/** _ ^ Moreover, from Theorem 4.3 we conclude that if S*= Cj, then S » is

the Köthe-dual of o+ and can be embedded (topologically and isomorphically) into

the topological dual of S^. This embedding can be obtained via the nondegenerate

bilinear form trace {ST), S e S^, T e S^*.

(d) The set of symmetric norm ideals of £ has a natural lattice structure.

Let (3, || • || j) and (5, || • ||j) be two symmetric norm ideals. We define for each

Teini. ||T||Jn;)=max(||r||r \\T\\S). It is easy to check that (3 Hljn«>

is a symmetric norm ideal and we write (3 n^, || • IL.) = (3, || • ||j) A (5, || • ||j).

On the other hand, since (3 V 5)*^) = n #<<(?,) we see that (3 V^)*«?,) is a

symmetric norm ideal, and hence (3 V^)**^^ is the smallest maximal norm

ideal containing 3 U     Let    e Jl such that Sa= (3 V^)**^). We define

(3, || • ||j) V (5» II • ll<) t0 he the closure in S0 of 3 V 5, and we provide this

norm ideal with the norm II . ||0. Therefore, by definition (3, || • ||,) V (5> II ■

is the smallest symmetric norm ideal containing 3 U 5 and (3, || • \\^ ) A (5, || • 11^)

is the largest symmetric norm ideal contained in 3 n 5- In particular, the set of

maximal norm ideals and the set of minimal norm ideals constitute lattices under

inclusion with the lattice operations described above. It follows that none of

these lattices is linearly ordered (Corollaries 5.5, 5.6 and [10, Theorem 3.7]). We

also see that the mappings $ —» S* and $ —♦ §^ are lattice preserving. B. S.

Mityagin ahd A. S. Shvartz [9, §7] proved that there exists a bijective corre-

spondence between the symmetric norm ideals of £ and the symmetric norm ideals

of l°° (this correspondence turns out to be the restriction to the class of symmetric

norm ideals of the Calkin lattice isomorphism). The above observation implies

that the Mityagin and Shvartz correspondence is a lattice isomorphism.

(e) Let 0 ^ T e £ and denote by (T) the principal ideal generated by T. Then

for every $ e Jl, (T)X(S#) is a maximal norm ideal. If nn = sn(T)/s j(T), n =

1, 2, ■ • •, and $n is defined on g by = $(nx), then $ff e Jl and

(T)x<S<t) = S, . The case S^=(?j is especially interesting. In fact, (T)*C-j)

is the maximal (and minimal) norm ideal      introduced in [6]. A symmetric norming

function for the maximal ideal (T)**^) is given by sup^ (2*=1 xn/2*=1 n ),

x e g. If T e <Z, and T 4 C this symmetric norming function is not mono-normalizing.
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Therefore the corresponding maximal norm ideal §n is nonseparable. If follows

that the minimal norm ideal      corresponding to Sn can be characterized by

( 2* ts JS) )
S°=)seSn:limsup-^i-=oJ.

The ideals of Sjj and Sj^ were already introduced in [6] and the above mentioned

facts about the ideals Sff, §n and Sq are proved in detail in [5, Chapter 3]. These

properties will be used in the following theorem.

Theorem 4.8. Minimal norm ideals are not principal ideals.

Proof. Let 5 be a minimal norm ideal and suppose there exists T e £ such

that 3 coincides with the principal ideal (T) generated by T.  We first assume

that Ct £ 5' Then T 4 Q-x and from Remark 4.7(e) it follows that

{2* , s is)
S erzürn sup  ^ "    < °°,

k->oo      2*  , It

where ff =TT   = -——   fl = 1, 2, • • •> ,
"   sÄT), j

Since (T) is assumed to be a norm ideal there must exist $ e 3l such that

(T) . S°. From the fact that §#XX<C1> = S# (Remark 4.7(c)) we deduce that

S+ = Sjj. Therefore (T) = S£ = S£ (Theorem 2.3) and hence T e §°. In particular,

we conclude that

k Ik
0 = lim sup £ s(j) /£."„ = •si(T) = II»

which is a contradictipn. On the other hand, if 3 = £j and T € 5, then from

[10, Theorem 4.6] there exists an ideal K £ 5 such that T e X and hence 5 ^ (T).

The proof of the theorem is complete.

5. The ideals <Hf; $) and £(/; 5)- Let $ be an ideal of £ and, for p > 0,

let /(p j be the function defined on the nonnegative real line by     j(f) = f, f > 0.

Then the pth root of 5 (Remark 2.9) can also be defined as N$1/p) = {x e 3: /( } o

x e A($)i, where denotes the composition of the function       and the sequence

x (i.e., (/^) °x)n = x£, n = 1, 2, • • • )• There are many other functions that can

be used together with an ideal 5 to produce new ideals. Following [l] we adopt

the following terminology.

Definition 5.1. We shall say that a nondecreasing nonnegative function /

defined on the nonnegative real line is an admissible function whenever /(£) > 0,
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for every cf > 0 and /(0) = 0 = lim^_0 /(cf ). The class of all admissible functions

will be denoted by 3.

Remark 5.2. Given an ideal 3 of £ and / e fi, the set {x e 8: / °x e A{$)\

is not in general a characteristic set. However, it follows that [10] the smallest

characteristic set containing {x e 8: / °x e AQj)i is given by

AQJ)) = \x e 8 : / ° (ax) e AQj), for some a > 0}

and the largest characteristic set contained in \x € 8: / ox e AQJ)} is defined by

®(/; A(5)) = {x e 8 : / o (ox) e AQJ), for all a > 0|.

It is observed in [10] that if / e Ö is a mono-generating function, that is if there

exist a > 1, y > 0, £ > 0 such that /ta£)< y/(cf), 0 < f <e, then S(/; AQJ)) = SX/; AQ})),

and hence {x e 8: / ox e AQJ)| is a characteristic set. Moreover, the above

condition is necessary whenever 5 = Cx. We let §(/; 5) and $(/; 5) be the ideals

of £ defined by

AGty; 5)1 = <5(/; A(5)),    A0)(/; $)] = Atf)).

It follows that

§(/;$) = {Te£; f(ayjTTT)e$, for some a > 0},

2X/; 5)= {T e £: /(aVPr) e & for every a> 0|.

As in [10] we define the following order relation and equivalence relation on Ö.

Let /, g e fl, then / ■< g if and only if there exist positive numbers a, jS, y and

f such that /(acf) < yg(/3cf ), 0 < tf < e; / a. g if and only if / -< g and g < f. It

is easy to prove that if / -< g and 5 is an ideal of £, then S(g; 5) C Uf; 5) and

5) C 3)(/; 5). Therefore, if / ~ g, then S(/; 5) = S(g; 5) and £D(/;5> = 2?(g; fl).
All these conditions become necessary and sufficient when 5 =     LlO, Theorem 2.12].

In the present section we study the ideals S(/; 5) and £(/; 5) in the case

that 5 is either a maximal or a minimal norm ideal and / is a convex admissible

function. If g e 3 and g(f )/£, f > 0 defines a function in Cf, then it is easy to

see that [10, Corollary 3.5] g is equivalent to a convex admissible function /

satisfying:

(*) AO = 1,
(**) lim^0Acf)/cf=0,

(***) lim^Af )/£=<»•
From the above remark we have S(/> 5) = S(g; $) an(l 3)(/j 5) ■ ^(g> 3)» for

every ideal 5 of £. On the other hand, if g is a convex function in 3. such that

g(£)/£, £ > 0 does not define an admissible function, then g ~ /(]) and hence

S(g; 5) = 3 = -^(g; 5)» for every ideal 5 of £. Since this case is irrelevant, and
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the normalizations (*) and (***) of a convex admissible function / do not affect

the ideals they generate, throughout §5 and §6 we shall restrict our considera-

tions to convex admissible functions / satisfying (*), (**) and (***), because the

arguments are simpler and more relevant for them. The set of these admissible

functions will be denoted by Ö .

Lemma 5.3. Let 4> e ft and f e Cf^. Then the function defined on % by

Qf(x) = inre}[/0(x/p)]sl P is in ^' Moreover $[/ °(x/$ix))] = 1 for every x e g.

Proof. The last statement follows immediately from the continuity .properties

of the function $. On the other hand, it readily follows that      satisfies proper-

ties (i), (iii) and (iv) of symmetric norming functions. In order to prove (ii), let

x, y e g such that a = «fyx) 4 0, ß = ®f(y) 4 0. Then,

L    Va+/3/J      L    \a+ßa   a+ ß ß)\

-a+ß L aJ oi+ß L ßj -

Therefore ^(x + y) < a + ß = $^(x) + $^(y) and (ii) is established. Finally, the

fact that      satisfies property (v) of symmetric norming functions follows directly

from Weyl's theorem [13] which states that if x, y e 8 2*_, x < 2*_, y . k =

1, 2, • • •• and g is a convex admissible function, then 2*=1 g(xn) < 2^=1 g(yB\

*« 1, 2, ....

Theorem 5.4. Let <D e ft and f e &e. Then Hf; S*) = S#/ and 3)(/; S°) = S°.

Moreover, /or every T e       tfe fcave ||T||# = inf#[/o(s(T)/p)]sl P-

Proof. Let x e G^. Then it is not hard to check that

lim inf p
fc-~ «>[o-A(/o(x/p))]si

= inf.|p : lim <D[afe(/ ° (x/p))] < lj.

Therefore $^(x) = inf+fyofx/^si     ^his completes the proof of the last asser-

tion of the theorem. Also, we deduce that       C 6(/; G#). In order to prove the

reverse inclusion we let /' be the right derivative of / (which exists everywhere

since / is convex). From an elementary property of convex function, we observe

that for every £ > 0, /'(f) < f1 Ifltf) - /(f)] < /'(#) and hence /(£/2) <

Kf/'(f/2) </(f). Now let x e S(/; 6#). Then there exists a> 0 such that

/ o (ax) e       From the preceding observation we see that, for every 0 < 8 < 1,
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0 (sr)] - *[(sr) ('' ° (sr))] -       ° (r))] -m 0 Ca*)3,

Therefore, choosing 5 so that 8<f>[f °(ctx)] < 1 and setting 0.8/2 = 1/p, we con-

clude that $(/ °(x/p)) < 1. It follows that x e G$y, as desired. Finally, in order

to prove the second statement of the theorem let x €       S^). Then for every

a > 0, lim    M <&[r (/ ° (ax))] = 0. For a given e > 0 let a = l/e. It follows

that there exists mQ such that, for every m > mQ, ®[Tm(f °(x/e))] < 1. Then

mii[r (f°(x/P)j\*lp-e' forevery >»>ra0. Thus, for every m >mQ, $j[rjjc)] < e

and hence x e to^. Conversely, suppose that x e       and let a > 0 and 0 < e < 1

be given. Then there exists Wj such that for every m >     we have ^trm(x)] ^

t/a. Therefore, 1 > $l>m(/ 0 (ax/e))] > ^t^C/ ° (ax))]/e, for every m > w r From

the last inequality we see that x e S(/; S°) and the theorem follows.

As in [10] we shall simply write S(/) and 2)(/) in place of      Cj) and

3)(/; Cj), for every / e Cf.

Corollary 5.5. Let f e 0^. TAen S(/) is a maximal norm ideal and 3)(/) is

fie corresponding minimal norm ideal. In particular, 2)(/) is the unique separable

norm ideal which is a closed subspace of S(/). Thus, S(/) is separable if and

only if f is a mono-generating function.

Proof. It is a direct consequence of Remark 5.2, Theorem 5.4 and [5, Chapter

3, §6].

Corollary 5.6. Let f. g € (1^ and let $j fee the maximal symmetric norming

function (see Remark 2.5). Then the following statements are equivalent:

(a) S(g) C S(/).

(b) 3Xg)c3)(/).
(c) 3)(g) c S(/).

(d) / < g~

(e) («D^ «($,)«•

Proof. It follows immediately from Corollary 5.5, Theorem 2.3 and [10,

Theorem 2.12].

The following theorem is a generalization of Theorem 2.8.

Theorem 5.7. Let /6Öc and let $ e Jl such that S# C C.. Then S# g

*>(/; ̂) g C and hence S° g®(/; S£).

Proof. The inclusion &(/; S$) g £ follows from the fact that      S C (Cor-

ollary 2.4) and [10, Theorem 2.22]. On the other hand, since /If) < cf, for every

0 < f < 1, we see that S* C &(/; S#). In order to prove the proper inclusion it

suffices to show that supxe g.xi^0 [$(x)/$^(x)] = ~. Let ctfe = l/0[trfc(«)], k =

1, 2, • • • (where, as before «n = 1, « = 1, 2 ,• • •). Then



SYMMETRIC NORM AND RELATIVE CONJUGATE IDEALS 229

sup    B>U)/$,(x)] > sup|$[(T, (a, «)]/<P .[a, (a.,u)]\ = sup (a,«)].
*€3;xj^0 ' ft        *  *       /ft* k /**

Now we observe that $^[ff^(a^)] satisfies the identity

If g denotes the inverse function of /, then from the last formulas, we deduce that

^[o-^ot^a)] = ak/g(ak), k = 1, 2,        Since / e öc, it satisfies (**) and hence

lining g(cf)/f = oo. Also, we recall that inffe o.^ = 1/sup^ $[fffc(u)] = 0 (because

S# £ Q). Therefore

sup > sup U^f[ck((\u)] = sup gfak)/ak = oo.
xeS; Xj^O * ft

Theorem 5.8. Let f e dc and $ € ft. Tberj tie irfea/s §(/; S°) aRrf 3X/;

are closed subspaces of e)(g; S^), and hence they are (perhaps trivial)intermediate

symmetric norm ideals between the minimal norm ideal (S)(f; SJ) and the maximal

norm ideal e>(/; ci^) corresponding to the symmetric norming function <Iy

Proof. We show first that S(/; S°) is closed. To this end, let \T \ be a sequence

in and let T e S(/; S^) such that limn_wo ||T - Tj^ = 0. For an arbitrary

positive number t less than one choose a positive integer & such that ||T - KiJ|# < f.

Since Tk € £(/; S°), there exist 0 < a < 1/2 and mQ such that «MrJ/ os(2aTjt))]

< f, for every m>mQ. Since 1/f > 1 we also have 1 > $1/ °s((T - T^/f)] >

$[/ °s(T - Tk)]/t. From Fan's inequality [3] we see that

Y s [(T- T.) + Tj < V [s (T - T.) + s (T,)]
n ft       ft — n ft       n ft

n=l n=l

and therefore

$[rm(/ o s(aT))] < <*>M/° [s(a(7 - 7fe)) + sUr^)])]

< M*L> (/ o s(2a(T - 7\)))] +       J/ ° s(2aT ))]
— 772 ft «

< o s(T - T.)] + H$[r (/ ° s(2aT ))] < e/2 + e/2 = <r,
Iff K

for every w > mQ. Thus, T e £(/; S°p as desired. In order to show that 3X/;

is closed, let jSj be a sequence in fD(/;      such that limn_(JO ||S -        - 0,

for some S e &(/; &$). For a given a > 0, let / be a positive integer such that

|S - Sy||^ < l/2a. It follows (using again Fan's inequality) that

$[/ o s(aS)] < $>[/ o [s(a{S - S.)) + s(aS.)]]

<V2<!>[fos(2a(S-S.))l

+ A$[f o s{2<xS.)] < H + H*L/ ° s(2aS.)].
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Since S e 3)(/; S„) we conclude that S e 5)(/; e>^) and the proof of the theorem is

completed.

Remark 5.9. Let /£Öc and <£ e ft. . The intermediate ideals       &°) and

2)(/; c)^) might coincide with either       &$) or 3X/; S°). In fart, as we observed

in Remark 5.2, if / is a mono-generating function, then S(/; S^) = 3X/; S^) and

S°) = 3X7;        0n *e other hand, let i £ Sc such that 6(<f) = c-

0 < f < 1/2. It can be proved that 3X&; SXb)) = SXi; Sfo)) £ Uh; £(*)) = §(6; S(*)).
An interesting situation, with regard to the intermediate symmetric norm ideals

mentioned above, occurs when     =     = Cj. In this connection it is natural to ask:

Let / e fle be a non mono-generating function. Does there exist a nontrivial

intermediate symmetric norm ideal between £(/) and S(/)?

We suggest the following approach to attack this problem. Let us suppose

that / can be expressed as /(f) =/j|/2(tf)], f > 0, where fv f2 e fi   and fv f2

are not mono-generating functions. Since S(/) = S(/2; S(/j)) and 2X/) =

3X/2; SX/j)), the above problem would be solved for the function / if one of the

ideals S(/2; 3X/j)) or 3)(/2; S(/j)) properly contains 3)(/2; SX/j)) and is strictly

smaller than S(/2; S(/j)). However, this method might not be successful because

of the example with the function / presented above.

The existence of nontrivial intermediate symmetric norm ideals was proved

by Mitjagin in [8]. To prove his result Mitjagin used the nonseparable maximal

norm ideals introduced by Gohberg and Krerh in [6] (they are of the form

(T)**^), T e C -      of Remark 4.7(e). These ideals are essentially different

from the ideals S(/) and £(/), / 6 fl..

6. Conjugate ideals of the ideals S(/; S^) and 5X/; S£). We start this section

by recalling some facts about convex functions [14].

Let / e Cfc, and let /' denote the right derivative of /. For each f > 0 let

g '(f) = sup^ j\rj) < f. Since / satisfies condition (***), lim^^^,/'(f) = «s and

hence g'is a nonnegative function defined on the whole nonnegative real line.

Furthermore, the fact that / satisfies condition (**) guarantees that /' and then

g' are in (2. It can be proved that

/V<£>]>6 g'[/'(f)]>f,
for every f > 0, and

/'[g'(f)-f]<6    «-/'<*>-*-<*

for every f > 0, n > 0 and every e, 8 such that 0 < e < g'(f), 0 < 5 < /'(n). Thus,

if / is continuous, then g   is the inverse function of /'. In the standard termi-

nology, the function g  is called the right inverse of /' and the function g defined by

«<f)-//«<*>-»
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is called the conjugate of / in the sense of Young. It follows that g/g(l) e Ö

and that the conjugate of g in the sense of Young is the function /. The following

is the well-known Young inequality:

67</(f) + g(.7,)>     f, 7/>0.

Equality holds whenever either f = g'Cf) or )j = /'(f).

Using the techniques provided by the theory of Orlicz spaces [14, Chapter 5]

we generalize, in this section, Theorem 4.5 by proving that if / and g are con-

jugate in the sense of Young, then S(/; S+) and S(g; S^) are S^-conjugate one of

each other, for every $ e ?l. . The following two lemmas are central to our purposes.

Lemma 6.1. Let / e Sf and let g be the conjugate function of f in the sense

of Young. Then g(l) < 1.

Proof. We know that /'(l) = /(l) + g(/'(D). Since fil) = 1 and g(/'(l)) > 0

we deduce that /'(l) > 1. Let 0 < e< /'(l)- 1. Then 1 < /'(l) - ( and hence

g'(l)< g'(/'(l) - f) < 1. Since g' e fl and g'(l) < 1 we finally conclude that

gÜ) = Ju g'(&)dd < I, as desired.

Lemma 6.2. Let f e &c, $ 6 Jl and let f* =g/g(l), where g is the conjugate

of f in the sense of Young.  Then for every x € g we have

g(m ,(*) < (<p.);u) < [i + g(D]$ .w.

Proof. From Young's inequality we see that for every x, y € g, Xj 4 0,

y j 4 0, we have

$[(x/$^(x))(y/$/(y))] < $[g o (x/$^(*)) + / o y/^y)]

< gdMf* o (x/«D^(x))] + <t>[f o (y/^y))] < g(l) + 1.

Therefore, for every x, y € g, $(xy) < [1 +g(l)]« »Mfyy), and hence,

($y)^(x) < [l + g(l)]$^*(x). This completes the proof of the second inequality.

The proof of the first inequality will be given in several steps. We first observe

(using Lemma 5.3) that |y e g: <&.(y) < 1| = {y e g: $(/ oy) < 1 j. Now let x e g,

x j 4 0,' and define z = g(l)x/($pt(x). Clearly, it suffices to prove that      z < 1.

Since

<p(/*o z) = -L <P(g o z) < -1<t>[g o z + / o ig' o z)] = -i-«Kz(g' o *)],

gU) g(D g(D

we need only to show that $[z(g' o2)]/g(l) < 1. On the other hand, the validity of

the last inequality follows from the validity of <$[/ ° ig' 0 z)] < 1. In fact, if the

last inequality holds, we deduce that
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«(1) ye3;»(/oy)^l gU)     g(l) '*

Thus in order to complete the proof of the theorem it remains to show $[/ °(g' °z)]

< 1. If, on the contrary, $[/ ° (g' ° z)] > 1 we let w = (g' °z)/$[/ °(g' °*)], Then,

for every n = 1, 2, ..., f(wn) < f(g\zn))/^[f °{g' °z)], and hence $(/       < 1.

Now, we observe that <t>[zw/g(l)] < (O^tz/gQ)]*^) < 1 and hence <H/°(g' °z)]

<$[/o(g'o2) + jo2] = <p[z(g' oz)] = g(l)$[/ o(g' o a,) ] = <D[zu>/g(l)] <

«(W ° (g' ° *)]. Since g(l) < 1 (L emma 6.1) and Zj 4 0 (because *j ^ 0), the

last chain of inequalities gives the desired contradiction.

Theorem 6.3. Let f e Cf  ana" 7er g fee the conjugate of f in the sense of

Young. Then for every $ e TL, it follows that §(/; $q) and Hg; S#) are S$-co«-

jugate one of each other. Moreover, the S^-conjugate and the S^-conjugate of

3X/;      coincides with S(g; S#).

Proof. It is a direct consequence of Theorem 4.3, Theorem 5.4 and Lemma 6.2.

Corollary 6.4. Let f € Cf^ ana* /ei g fee /fee conjugate of f in the sense of

Young. Then S(/) and S(g) are Kötbe-dual one of each other. Moreover, S(g) is

tie topological dual and the Köthe-dual of 3X/). Also, S(g) can be embedded,

isomorpbically and topologically, in the topological dual of S(/).

Proof. It follows immediately from Remark 4.7(c) and Theorem 6.3.

Theorem 6.5. Let f € dc and let g be the conjugate of f in the sense of

Young. The following statements are equivalent'.

(a) 2X/) is reflexive,

(b) S(/) is reflexive,

(c) £(g) is reflexive,

(d) §(g) is reflexive,

(e) / ana* g are mono-generating functions.

Proof. We recall that a Banach space is reflexive if and only if its topological

dual is reflexive. Therefore, if £(/) is reflexive, it follows that 2X/) = S(/) and

3Xg) = S(g). Thus, (a) implies (b), (c), (d) and (e). Similarly, (c) implies (a), (b),

(d) and (e). Since S(/) is the topological dual of 2!(g), then if §(/) is reflexive

so is 25(g); analogously, if S(g) is reflexive so is £(/). On the other hand, since

(e) implies clearly (a), (b), (c), and (d) the proof is completed.

Remark 6.6. (a) As before, let       be the function in &c, p > 1 defined by

f(p)(£) = f*» f > 0. The conjugate of        in the sense of Young is the function

/(sj/(l + pq~ ), 1/p + 1/q = 1. Thus, Theorem 6.3 is the natural generalization

of Theorem 4.5.

(b) Let fy f2 e       and let g1# g2 be the conjugate functions in the sense
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of Young of /,, f2 respectively. It follows that/j -< f2 if and only if g2 •< gj

and hence /, ~ f2  if and only if g, ~ g2.   In view of this obser-

vation, to determine the Köthe-dual of S(/), / € flc it suffices to find the

conjugate in the sense of Young of a function in flc equivalent to /. We illustrate

this remark with an interesting example. Let h be the function in &c of Remark

5.7 (i.e., h satisfies Mf) = e'l/^, 0 < f < 1/2). Also let bj% 1 <j < 4, be

functions in tf. satisfying fc^f) = fMf), *2(f ) = /£ M0)</(9, A}(f) =

-1/ln f, bAO = /f hS8)d6, 0 < f < 1/2. It is easy to check that A~ Aj and
[10, Theorem 3.4] h x ~ h2. Since h'2=h and the inverse of A is equivalent to

h 5, the conjugate of A in the sense of Young is equivalent to by Using again

[10, Theorem 3.4] we conclude that the Köthe-dual of S(&) is S(Aj), where

A 5 e dc satisfies hA£) = -f/ln f, 0 < f < 1/2.

(c) In parts (a) and (b) one of the conjugate functions considered is mono-

generating. With the following example we show that this might not happen in

general. Let     = 1/n!, n = 1, 2, • • •, and let fed such that lim^_>o0 /'(f) = 00

and /'(f) = A^, An+1 < f < A^, « = 1, 2, • • •. Then the right inverse g' of /'

satisfies: g' e Cf and g'(f) = An+1, A +1 < f < An, n = 1, 2, • • •. Let /, g e Ö

such that /(f) = /f /'(ö)rfö, g(f) = ffg'(d)dd. It follows that / and g are con-

jugate in the sense of Young and neither / nor g is a mono-generating function.

In fact,

nf{\ ) = n f*n f'(6)dd < n fX"A dd = k   ,A - f     A   ,^0 = ff'W)dd
'    n        JO -JO" »-l » n-1 J.

n *n

<Jo nf'(d)dd = f(2\\     « = 2, 3,---.

A similar calculation shows that (n + l)g (An) < g(2An), « = 1, 2, • • •. Therefore

/ and g are not mono-generating functions, as asserted.

7. Some problems on joins and intersections of ideals. In this section we

study the following questions.

(a) Let $ e ft such that S# C Q anfj iet <Jfc, * = 1, 2, • • •, be a countable

family of ideals strictly larger than S$. Does C\^=l 3 jr. properly contain S$?

(ß) Let <I> e ft and let 3 k, k = 1, 2, • • •, be a countable family of ideals

properly contained in S$. Is the join Vfc°=i ^ strictly included in S£?

Clearly, problems (a.) and (ß) can be split into the following ones.

(cij) Let $ e ft such that S$ C C and let 3fe> * = 1, 2, • • •, be a decreasing

countable family of ideals such that S# £ 3fc, * = 1, 2, • • •. Is it true that

(a2) Let $ e ft such that S$ C £ and let 3, 3 be two ideals such that

S# £ 3 , §+ £ 3. Does it follow that S# S 3 n 3?
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ißj) Let $ e" ft and let 3fc, A = 1, 2, • ••, be an increasing countable family

of ideals such that 3 k S S£, * = 1, 2, • • • • Is it true that U~= i $k Q

(ß2) Let $ £ ft and let 3, 5 be two ideals such that 3 £ S£, 5 £ S*. Does

it follow that 3 V 3 g S£?

Problems (a2) and iß2) in the case     = S^= (2 , p > 1, have negative

answers (see [7, Remark 4.5]). Problem (ß) for the case S^= C was posed in

[1,§6]. In the present section we solve problem (a2) in the negative and problem

(/3j) in the affirmative. Also, we give partial answers to questions (cij) and (ß2).

In what follows, for the sake of brevity, we shall simply write & in place of

A(0. The set of all nondecreasing sequences of nonnegative real numbers tending

to oo will be denoted by V, and the elements of T by b, c, d, etc.

To begin with let us establish the following criterion which is a generalization

of a result given in [10, §4].

Theorem 7.1. Let fed, and let $ e ft sac* that S# C £ . Then

(a) x e ®(/; S°) z'/ ana* only if there exists c e T sac* f Aar / ° (cx) e 6$,

(b) for y € 8, we Aave y    S(/; S+) if and only if there exists (eS such

that f o (ry) ^ <S#.

Proof, (a) Let x e S)(/; G£). Then, by deleting the first few terms of the

sequence .x, we can assume, without loss of generality, that $(/ °x) < 1. We

define the sequence \m^\ of positive integers as follows: let i»j be the first

positive integer such that $[rn (/ 0 2x)] < 1/2. Having defined m., j > 1, let

vtj+l be the first positive integer such that        > m., and ^trm.+1(/ °(/ + 2)x)] <

l/2,+I. Now let c e r given by cn = 1, 1 <s <Wjt • •• t c% •» / + 1, m^. + 1 <

n < m •+!• We assert that / ° (cx) e S°. In fact, let e > 0 be given and let /' be

sufficiently large so that 1/2' < f/2, then

b
♦fr   (/o(cx))]= lim <P[a   (r   [/o(«)])]< lim V$[<r     (r   {f o (i + l)x])]

"i A-oo       A-  i " fc-oo £}     "f+l *<

fc  1 1
< Ii« Zi-i<"

A-oo i=y 2    2' 1

Thus, / ° (cx) £ S^, as asserted. Since the reverse implication of part (a) can be

easily seen to be valid not only for but also for every characteristic set, the proof

of part (a) is finished.

(b) Let y e 8. If there exists ieE such that / ° (ry) 4 Q , it readily

follows that y 4 S(/; S#). Conversely, assume that y 4       S#). Let us define

the sequence \hn\ of positive integers as follows: by is the first positive integer

such that <t>[(Jh(.f oy)] > 1; having defined h ., / > 1, let        be the first posi-

tive integer such that h .+1 > h., <3&r.     [r,.(/ o y/(j + 1))]) >/+ 1. Now, let t £ S
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be given by tn = 1, 1 <* <*j, •• •, t% -      + 1), b. + 1 <b <We claim

that / o Uy) i S+. In fact,

lim $(o-k[f o (ry)]) = lim OCo^ t/°0y)])

> lim <f> (a.    [r. (/ o y/(/ + 1))]) > lim (/ + l) =

Therefore, / 0 (/y) 4 E$ and our claim is proved.

As observed in [10, Remark 4.5], if /, g e Ö and 3 is any ideal of £, then

S(/ V g; 3) = §(/; 3) n S(g; 3), 3X/ V g; 3) = Sty; 3) n 2Xg; 3), Xf A g; 3) = §(/; 3)
VS(g;3). The remaining lattice property for the ideals of the form 2X/; 3) is not

known to be true in general, • In [10, Theorem 4.7] it is shown that that property

holds for 3 = ^i- By employing an argument identical to the one used in the proof

of [10, Theorem 4.8], together with Lemma 7.1 (a) the following generalization can

be obtained.

Theorem 7.2. Let f, g e fl and let i be a minimal norm ideal. Then

2X/A«;S) = 3X/;3)v2)(g;3).

In the next theorem we give a partial answer to problem (ß2) for the case

s° = e
Theorem 7.3. Let fed, let 3 be a norm ideal such that §(/; 3) £ ß and

let 3 be another ideal of £ such that 3 £ £ Then 3 V §(/; 3) £ C.

Proof. Since §(/; 3) £ (Ü, it follows [10, Theorem 2.22] that 3 £ <L . Then

(Theorems 2.1 and 2.3) there exists ?e5l such that 3 C §+ £ £ . Thus, it

suffices to prove that 5 V S(/; S+) £ £ Let u/ e £ such that u> 4 AQj). Since

S+ £ C, lim^^ *P[o"fc(u)] = oo (as usual u  m 1, n m 1, 2, • • •). And hence for each

m = 1, 2, • • • there exists a positive integer fcm such that ^k7^")] > m/fiu>m/m).

Let z be the sequence defined by z =vj,, 1 <n <k,, •••, z =w., 1 + 2' , k.
* '    n       i*    —    —   1 n i-l i

< n < 2j._j *t.. Since z e £, the proof of the theorem will be completed after

showing that z 4 A(5) V 6(/; 6^). Suppose that z e AQj) V S(/; S^). Then there

must exist x e A(3), y e S(/; S^) such that z = x Vy- H for some /', the element

u^. does not appear in the sequence x, it has to appear *y times in y. If all but

a finite number of terms of the sequence w appeared in x it would follow that

w e AQj), contradicting the definition of the sequence w. Thus, there must exist

a subsequence of w whose elements u>n. appear in y together with all its *n.

repetitions. Let z' be the subsequence of z defined by z'n m**n.t 1 <« <*n , •••

«„' =        1 + 2j=1 kn< n < 2'.*} kn,. Also let t e £ given by t = l/«j, 1 <

« < n j, • • •, t% m l/n., 1 + 2j=1 *n  < n <      J *„. • Since z' is a subsequence

of y, it follows that z' e S(/; G+). On the other hand,
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lim Wo (/o/z')]> lim /(«/ /«.Mo- («)] > lim n. = ~
m — oo 7 — 00 ; ; j—oo

and therefore / °(fz') ^        Since z £ G(/; S+) we get a contradiction using

Theorem 7.1(b).

Theorem 7.4. Lei $ £ 31 and let $k, k = 1, 2, • • •, be an increasing count'

able family of ideals of £ such that ik £       A = 1, 2, • • •. Then U~=1 3fe £

Proof. For each k = 1, 2, ..., let x**' be a sequence in S° such that

xU) ^ M$k), $(x(1)) < 1 and x^y) < x^fc), for /' < *. and n = 1, 2, • • • (the exis-

tence of the sequences x^\ k = 1, 2, • • •, is guaranteed by the fact that the

family 3^, k « 1, 2, • • •, is increasing). For each « = 1, 2, • • • we define the

positive integers kn and hn as follows: let ky be the first positive integer such

that $lTfel(x(2))] < 1/2, and let by be the first positive integer such that by > ky

an<* xbi - X1V+1' ' " ' ^ £^e ^rSt P08"^ inte8er such that &m+i > *m

and fftr^, 1(x(m+2))] < l/2ffl+1, and let &m+1 be the first positive integer such

that bmn > km+1 and x(^"*j < x£V*n. Now let x be the sequence in Q defined by

x„ = x^u, l<n<*p if b j > *j + 1, then xn = x^+j, *1 + 1<8<*1; x^ = x^2),

by<n < k2; if b2 > *2 + -» tnen x„ = Xi2+P *2 + ^- n < *2' etc*      see tnat>

except for the first few terms, x majorizes the sequence x^*\ A = 1, 2, • • •.

Therefore x ^ U "=1 A(3 ). In order to complete the proof of the theorem it re-

mains to show that x £        Let e be an arbitrary positive number and let / be

a positive integer such that 1/2' < e. Then

<t>[rk (x)] < £ <S>{ak    [r (x)]) < J <P(o.    [r (x(,+1 >)]) < £ -L < e.
i i=j i+1     i ,=y f+1     i ,=y 2* + 1

Thus, x £      as desired.

Theorem 7.5. Ler /  £ S, n = 1, 2, • > •, and let 3n» » = 1, 2, • • •, be a

countable family of norm ideals such that $  g (Ü, n = 1, 2, •••• TAen

Proof. Let ÜA = V*=i From Theorem 7.3 and [10, Theorem 2.22]

it follows that ^ £ (2, A = 1, 2, • > •. Now the statement follows from Theorem 7.4.

Corollary 7.6. Lei 5# 4 ■ 1» 2, • • •» be a countable family of norm ideals

such that ih &     k m 1, 2,....  TÄen V~=i 5fe £ £

The following results provide partial answers to problem (a.y).

Theorem 7.7. Let 0 £ 31 such that S+C £ ana* /or eaci ft = 1, 2, •• • let

fkea and <S>k £ 31 sac* that S#C 3X/fc; S^). // .*« /««-'? 3X7*! §V "
decreasing, then S# S ^fc=i
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Proof. For each * = 1, 2, . • • let zu) e %fk; 6^) such that zik) 4 %-

From Theorem 7.1(a), for each * = 1, 2, • • •, there exists c(A) € Y such that

/. o(cUy*>) e <o% . Since the family SK/.; G°# ), * = 1, 2, .... is decreasing,
k (L\  (U\

by deleting the first few terms of the sequences c  'zK     * = 1, 2, • • •, if neces-

sary, we can assume without loss of generality that °(c(*'z**')] < 1/2*,

1 < / < *, k m 1, 2, • ••. For each n = 1, 2, • • • we define the positive integers

kn and hn as follows:     = 1; let &j be a positive integer such that $[o\ (z*1*)]

> 1; let k2 be the first positive integer such that k2>hl + l, z^2 + i < z^+i an<l

c^+1 > c^+1; and let h2 be a positive integer such that $(ffb[rfe2(z(2))]) > 2;

• • • ; having defined fc^, &m> m > 2, let *m+j be the first positive integer such

that * +. > ft   + h , z(lm*»n<z(r>\.   , and c(,m+" . > c<m>     ; and let

A      be a positive integer such that <t>(o\   ,.[r.   , (z(m+1))]) > r» + 1. Now let
mTI ° *m+l -

r£? and let c e Y be the sequences given by zn = z^'\ cb= r/j\ 1 < » < h^;

z« = *«**2-*i' c„ " c!Ä2-*j' *j +1 < « < *i + *2; • • •;
m m + 1

By definition z ^ S#; in fact

lim $tafc(z)]= lim $[<r m    (z)] > lim <p(o-   [r   (z{m))])> lim  m = ~.
ft-00 m^'oo      2y=l*y m—oo       *m  *m ~ m—oo

Finally we show that /fc *(cz) e 6$, 4■ 1, 2, To this end let i be an arbi-

trary positive integer and let e > 0 be given. Choose / sufficiently large so that

/ > it 1/2' < e/2. It follows that

«(«)])< £ *JLob (rk [/.o(c<-»)>))])]
' m=j mm

< £ <P.[/. o (c(n,)z(B,))] < f; l/2m < f.
ra =J m =/

Since c € Y, it follows from Theorem 7.1(a) that z € n~aj SK/^; S°#fe) and the

proof of the theorem is complete.

Corollary 7.8. Let OeJl, S# C (Ü an«? /er fj^, * « 1» 2, • • •, fee a decreas-

ing countable family of norm ideals such that S# £ f},, ft •» 1, 2, • • •. TAen

Proof. Let e )l such that S°$ is the minimal norm ideal corresponding

to 5V * = 1, 2,-Since S# £ 5*. ft - 1, 2, • ••, and the family <Jfc, * = 1, 2,
• • •, is decreasing we deduce, from Theorem 2.3 and Corollary 2.4, that

S$ S SJ^ and ^<fA+1 £       * = 1, 2, • • •. Now the corollary follows from Theorem 7.7.
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Corollary 7.9. Let f^, km 1, 2, •••, be a family of convex admissible functions

such that f^    f^y k = 1, 2, • • •, and let gk, k = 1, 2, • • •, fee a family of concave

admissible functions such that g^ <fj f^y k = 1, 2, • • •. Then V^=1 ^(g*> ̂ p) g

<^Sn~ /ore^ry p > 1.

Proof. It can be easily checked that if f. are convex admissible functions and

g. are concave admissible functions, such that /• ^ /(l) aa^ gj 7** f(iy /™ •» 2|

then /j V /2 y4       and gj A g2 71        Therefore from [10, Theorem 2.12]

v sty 9=s( a f,i e) g e, g ®(v /,, e,) = n %. 9.
/*i v=i      / \y=i      / ;=i

Thus, without loss of generality, we can assume that S(g^!        & <■ 1, 2, • • •, is

an increasing family such that S(gt;      g C^, ft• 1, 2, •••, and that

3)(fk; Cp), & • 1, 2, • • •, is a decreasing family such that &p g        C ), & =

1, 2, • • •. Now the corollary is a consequence of Theorem 7.4 and Theorem 7.7.

The above corollary solves, in the case of the p-Schatten ideals, a question

raised in [10, §4].

The following theorem is the counterpart of Corollary 7.6.

Theorem 7.10. Let      , k »= I, 2, • • •, be a countable family of norm ideals

which strictly contain the trace class Cj. Then ^g fl^aj

Proof. For each k = 1, 2, • • •, let $>A e ft such that        is the minimal norm

ideal corresponding to 5^. Since Cj £ S$ , k « 1, 2, • • •, it follows from Theorem

2.3 that Cj g S°*ki & = 1» 2, • • •. Thus it suffices to prove that Cj g fl^i ^*k'

To this end, we first prove that if     ¥ 6 ft such that <£j £ S£ and Cj £

then £j £ S£ n S$. We recall (Remark 4.7(d)) that S£ n§^= S£v* Also, from

Remark 2.5 it follows that inffc    ?4>[crfe(a)] = inffe k'^a^u)] = 0, where «n = 1,

»»1,2, • • •. We observe that if / < k, then f 1<t>[o .(a)] > *" '^[cT^a)] and

similarly /" ^[^.(a)] > k~1}¥[aA.uj\. Therefore, we deduce that üm^^ k~ ^ff^a)]

= lim^^ife'McT^")] = 0 and hence lim^^ k~H^ V *)[fffc(a)] = 0. Again, from

Remark 2.5 we conclude that       g S$y* =     n S^, as desired. Now we define

the sequence j'rVJ in ft by xHk = sup^^      k= 1, 2, • • •. We see that S*fc,

kmlt 2,        is a decreasing family of minimal norm ideals which are strictly

larger than Cj, and hence, from Corollary 7.8, we conclude that f*i^°=j S, =

Our final task in the present paper is devoted to solving problem (a2) stated

above. The following theorem implies in particular that problem (a^) has a

negative answer.

Theorem 7.11. Let 5 be a norm ideal strictly smaller than £ Then there

exist two ideals ^ and #2 sac* that 5 £ 5y> 7 * 1. 2, am* 5 - 5j n 52-



SYMMETRIC NORM AND RELATIVE CONJUGATE IDEALS 239

Proof. Let $ £ )l such that     C 5 C §#. We shall prove that there exist two

sequences x and y in Q such that x Ay € S^. Assuming that this fact has

already been proved we let T and S in £ such that s(T) = x and s(S) = y. It

follows that the principal ideals (T) and (S) ate not contained in $ but (T) n (S)

C 3. Therefore letting $, = 5 V (D and <J2 = 5 V (S) we conclude that 5,. O 52 = 5

but 5 £ 5 •» 7 * 1| 2.  Thus, in order to complete the proof of the theorem it

suffices to find the sequences x and y in Q with the properties mentioned above.

Let z £      such that zn40, «=1, 2, •••• Employing the fact that

lim^^ = oo (because      £ £), we construct by induction a sequence

l*nl of positive integers as follows: let ij be the first positive integer such that

^[ct^ («)] > 1/zj-, let *2 be the first positive integer such that     > and

$a       (a) > 2/z, ; • • • ; let k +1 be the first positive integer such that k +1 > * and

<b\o        , (u)j > (« + l)/2. . Now we define the sequence x and y in C in the

following way:

x  =2,, y  =2,     1 < « <
n      1 -'s     n        —   — 1

v =2, »      + 1 < n <
-'n      ft|        I       —    — ^

».-v y« = 2ft-' fe3 + 1<n<*v'3

It readily follows that x A y = z and

lim $[fffe(x)] = lim «Pto^   (x)] > lim 2fc   $[o-    (u)] =
k—<*> n—.oo 2n 7i —*oo     2n 2rj

and

lim $[ok{y)] = lim <P[ff        (y)] > lim 2        <p[o\       («)] = oo.
fc-co „_.»        2n + l „_oo     2n + l *2n+l

Therefore, x Ay e 6°, but x ^ 6#, y / S# and our claim is established.
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